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LEVEL SETS OF ASYMPTOTIC MEAN OF DIGITS FUNCTION FOR
4-ADIC REPRESENTATION OF REAL NUMBER

M. V. PRATSIOVYTYI, S. O. KLYMCHUK, AND O. P. MAKARCHUK

ABSTRACT. We study topological, metric and fractal properties of the level sets
So ={z:r(z) =0}

of the function r of asymptotic mean of digits of a number = € [0;1] in its 4-adic
representation,

1 n
- lim - -
r(z) i M Zl a; ()
i=
if the asymptotic frequency v;(x) of at least one digit does not exist, were

vj(z) = nlewnfl#{k cag(x) =7,k<n}, j=0,1,2,3.

1. INTRODUCTION

Let 2 < s € N and A; = {0,1,...,s — 1} be an alphabet of s-adic number system.

By Azl(z)ag(x)...ak(ac),.. denote the s-adic representation of a number x € [0;1], i.e.,
(&3] (65 Qo _ N
T = ?+?+...+87+...:A;1a2makm7

where As 3 ap, = ag(z) is the kth s-adic digit of the number x. Note that some numbers
have two s-adic representations such that

ilu.ck_lck(O) = Azl.uck_l[c;‘,fl](sfl)7
where (i) is a period in the number representation. These numbers are called s-adic—
rational. The rest of numbers have unique representations and are called s-adic—irra-
tional. The kth digit of the number, as its function, is well defined after agreement to
use the first s-adic representation only, i.e., the representation with period (0).

An asymptotic mean (or simply mean) of digits of the number x is a value r(x) such
that

1 n
li - 7 )
Jim — ;a (z) =r(x)

(if the limit exists), where As 5 «; are digits of the s-adic representation of the number
n

x € [0;1]. The value n=! Y a;(z) = r,(z) is called relative mean of digits in the s-adic
i=1

representation of x.
In this paper we study properties of the function r of asymptotic mean of digits, in
particular, topological, metric, and fractal properties of number sets with a preassigned

2010 Mathematics Subject Classification. Primary 28 A80; Secondary 60G30.
Key words and phrases. s-Adic representation, asymptotic mean of digits function, level sets, fre-
quency of digits, Besicovitch—Eggleston sets, Hausdorff—Besicovitch dimension.
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asymptotic mean of digits. Namely, we investigate sets

N
S’gE{x:nlgrolonzlai(sc):9e[0;3—1]},

that are level sets of the function r (indeed, r=1(6) = Sp). If 6 & [0; s — 1] then it is easily
proved that the set Sy is empty.

Asymptotic mean of digits of a number x is closely related to the concept of digit
frequency of the number.

Let N;(z,k) be the number the digits “i”€ A appears in the s-adic representation
A of the real number z € [0; 1] to kth place including, i.e.

a1Q2...0L...
Ni(z, k) = ##{j : aj(x) =1, j <k}

The frequency (asymptotic frequency) of a digit “i” in the s-adic representation of a
number € [0;1] is the limit (if it exists) such that
(k)

vi(z) = lim v;"’,

k—o0

“” in the s-adic repre-

where ng) = k71N;(x, k) is called relative frequency of the digit
sentation of a number x.

The frequency function v;(z) of a digit in the s-adic representation of a number
x € [0;1] is well defined for s-adic—irrational numbers, and, for s-adic-—rational numbers,
it is well defined after agreement to use representation with period (0) only.

Different mathematical objects with fractal properties were defined and studied in

terms of frequencies. First of all it is Besicovitch-Eggleston’s sets [3, 6]

733}
(3

Elro, 71y Ts—1] ={z:x = A yvile) =720, i=0,s — 1},

a12...0 ...

the Hausdorff-Besicovitch dimension of the sets is equal to [4] to

lnrlor .ot
Olo(E[To,Tl,...,Tsfl]):— 0 11113 s—1

The number z is called normal for basis s if the value v;(x) exists for all ¢ € A,
and equals to s~!. The set of all normal for basis s numbers is the only Besicovitch—
Eggleston’s set of positive and even full Lebesgue measure.

Normal for every natural basis s > 2 number z is called normal. According to the
famous Borel’s theorem [5] we see that Lebesque measure of the set of normal numbers
is equal to 1.

In the papers [1], [11] it was proved that the Hausdorff-Besicovitch dimension of
abnormal and essentially abnormal number sets (i.e. number sets having not frequency
of at least one digit or having not frequencies of all digits respectively) is equal to 1.

If a number z has all digits frequencies then the relationship between asymptotic mean
of digits and digits frequencies of the number z is the following:

r(z) =vi(z) + 2va(z) + - + (s — Drs_1(x).

When s = 2, it is obvious that the asymptotic mean of digits is equal to the frequency
of digit “1”. So we do not examine this case. The case s = 3 was studied in papers
[8, 10]. It is unique since it is the only case where the set Sp is a union of two disjoint
sets ©1 and ©9 such that

©1 = {z: frequencies of all digits exist},
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In cases s > 3 the set Sy is a union of tree disjoint sets such that

©1 ={z: frequencies of all digits exist},
O ={z: frequency of at least one digit exists and of at least one digit does not exist},
O3 ={z: frequency of any digit does not exist}.

In this paper we study the case s = 4 since it is the easiest and modeling in the last
class. Our previous paper [9] was devoted to studying properties of the set ©1, and this
one deals with the sets ©5 and Os.

2. THE OBJECT OF STUDY

Lemma 1. If in the 4-adic representation of a real number x € [0;1] the frequency of
one digit does not exist, then the frequency of at least one more digit does not exist.

Proof. Suppose the frequency vi(zo) does not exist, i.e., lim Nie@o.m) qoes not exist.
n—oo
Since
Ni(xo,n) _ 1 Nj(zo,n)  Np(wo,n)  Ni(zo,n)
n n n n

we see that

lim (Nj(xo,n) N Ny (g, n) N Nl(:zco,n)>

n—00 n n n
does not exist. It means that at least one of the limits lim Nj(f‘lo’"), lim Ym(@on) )
lim w7 where {j,k,1,m} ={0,1,2,3} do not exist. O

n—oo

Lemma 2. If in the 4-adic representation of a real number x € [0;1] the asymptotic
mean of digits, r(x), and at least two 4-adic digits frequencies v;(z), vj(x), where i,j €
{0,1,2,3}, exist, then the remaining two 4-adic digits frequencies of the number x exist.

Proof. Consider the system
(n) (n) (n) (n)
vy +v vy vy =1,
(1) {

vgn) + 2115”) + 3v§n) =Tp.

Let 4,5 € {1,2,3}. Since lim vl(”) = y;(x), lim r, = 0, we see that from the second
n—oo n—oo
equation of system (1) it follows that lim v,(cn), k e {1,2,3}\ {i,j}, exists, i.e. the
n—oo

frequency vi(z) exists. Then from the first equation of system (1) it follows that vg(x)
exists.
Let ¢ =0, j = 1. Then from system (1) we have

O N T )
ué”) =1- v(()n) — u§”) — vgn) =3+ v(()n) — 21}1") — T,

which implies existence of the frequencies vo(z) and v3(x).
Let i =0, j = 2. Then from system (1) we obtain

1
vf" = (= of™ i — 1),

o) =1 o) =3By By e

which implies existence of the frequencies v (z) and v3(x).



LEVEL SETS OF ASYMPTOTIC MEAN OF DIGITS FUNCTION 187

Let ¢ =0, j = 3. Then from system (1) we have
{ of™ =, — 205 4o — 1,

vgn) =1- v(()n) — vgn) — vé") =2—r, — 21)(()”) + QUén)

b

which implies existence of the frequencies v (z) and vo(x). O

Corollary 1. (from Lemmas 1 and 2). A number x € Sy can not have frequencies of
only two or of only three 4-adic digits.

From Lemma 1 it follows that if a number does not have frequency of at least one
4-adic digit then it does not have frequency of one more digit, therefore, the number
x € Sy can not have frequencies of only three digits. According to Lemma 2, if a number
x € Sy has frequencies of at least two digits then it has frequencies of all digits, therefore,
the number z can not have frequencies of only two 4-adic digits.

Hence, the set Sy can be represented as a union of three disjoint sets 01, O, and O3
such that
01 = {x:v(x) exist,Vi € Ay},

O, = {z: exist frequency of only one 4-adic digit v;(z),i € A4},
O3 = {z:v;(x) do not exist,Vi € Ay}.

In the following sections we study properties of the sets ©5 and ©3.

3. ABNORMAL NUMBERS THAT HAVE ASYMPTOTIC MEAN OF DIGITS
Theorem 1. If § =0 or § = 3, then ©; = O3 = @.
Proof. Let # = 0. If lim r,(z) = 0, then for any ¢ € {1,2,3} the following inequality
n—oo

holds: 0 < vi(") () < vgn)(:c) + QUén) (x) + 31):(3")(1) =rp(z) = 0, as n — oo. Therefore,
vi(xz) = lim vl(") () =0 and vy(x) = 1. Hence, O3 = O3 = 2.
n—oo
Let 6 = 3. If 1i_{n rn(x) = 3, then multiplying the first equation of system (1) by 3 and

subtracting the second equation of the system, we obtain that 311(()") +2v§n) —Hé") =3—7n.
Hence 0 < vgn) (x) < 31)(()”)(30) +2v§n)(x) —&—vén)(x) =3—r,(z) = 0 as n — oo. Therefore,
vi(x) =0, for all i € {0,1,2}. Hence v3(z) =1 and O = O3 = &. O

Lemma 3. Let (sx) be a sequence of positive integers and the following conditions hold:

lim s; = oo, lim =0, aj,a9,81,02 =2 0, a1 # ao, B1 # P2. Then there exist

k— o0 k—oo k
Si
i=1
sequences an(a1,a2) and by(B1,82) such that an(ar,a2) € {a1, a2} and b,(B1,02) €
{B1, B2} for allmn € N and the limits

k
> lai(ar, az) - s
=1 . =1
k and lim
> Si
=1

M=

[51(517 52) : 51]

lim
k—oc0 k—oc0

k
Z Si
i=1
do not exist.

Proof. Without loss of generality let as > a1, B2 > 51,
k k k k
[Asi] >0 Asi > [Asi) A(s; — 1)
L =X and Z:}C > =1 - A— -

k k
> Si > Si > Si > Si
=1 =1

=1 i=1

K2

1=

— A as k— oo.

=1
k N
> i

i=1
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Suppose that 5 > 0 satisfies o —& > a1 +¢ and B3 —e > 1 +¢e. Let r1, [; be smallest
positive integers such that for any n > r; and m > [; the following inequalities hold:

[aas;] in: [B253]
=l S ay—e and =L

n n
> Si 2 Si
i=1 i=1

&
s

>[32*€.

Denote ny = max(ry,ly).
Let 79, l> be smallest positive integers such that for all ro > nq, ls > ny and n > ro,
m > s,

ni ni m

Slass]+ Y lasi] o [Basi]+ X0 [Busi]

=1 t=ni1+1 i=1 i=ni+1
<ap+e and

n
Z 84
i=1

< p1+e.

NE!

84

i=1

Denote ny = max(re, l2).
Let r3, I3 be smallest positive integers such that for any rg > no, I3 > ny and n > r3,
m > l3, the following inequalities hold:

n1

Slossi]+ > [aas]+ > (098]

i=1 i=ni1+1 i=no+1

7 > g — €
> si
i=1
and
ni n2 m
Y lBasil+ >0 [Busil+ X [Besi
i=1 i=n1+1 i=na+1
n > Py —e.
Z Si
i=1
Denote ng = max(rs,l3). And so on.

Let an(ai,a0) =aq if n € {1,...,n1 — 1}, ap(ag,a2) = ag if n € {ng,...,ngy1 — 1}
and k is not an even integer; a, (a1, a2) = a1 if n € {ng,...,ngt1 — 1} and k is an even
integer.

Let b, (B1,52) = Brif n € {1,...,n1 — 1}, bp(B1, B2) = B2 if n € {ng,...,npq1 — 1}
and k is not an even integer; b, (51, 82) = S if n € {ng,...,ng+1 — 1} and k is an even

integer. This is possible since for fixed p following relations hold:

k

k p—1
> [Asi) Y[si] o > [Asi
. 1=p T =1 =1 o o
i o
i=1 i=1 i=1
i lai(a,az)s:] Xn: (b (B1.82)s:]
Denote z,, = =*—F———, y,, = =————. Suppose the limits lim z, and lim y,
E Sq Z S k—o0 k—oo

exist. Let § < mm(a2 — a1 — 2¢, 89 — /3’1 — 2¢). From the Cauchy criterion, it follows
that there are N1, Ny € N such that for any a,b > N; and ¢,d > N, the inequalities
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|zq —2p| < € and |y.—yaq| < € hold. For a sufficiently large k we have n, > N, j € {1,2},
whence
|Tny s — Ty =2 —0a1 =26 >6 and  |Yn,, — Yn,| = P2 — P1 — 2 > 4.

This contradiction proves the lemma. O

4. PROPERTIES OF THE SET O,

Let (sg) be a sequence of positive integers such that

lim 2E+L _ g —0.

lim
k—oo kK

k—oo K
E Si E : Si
=1 1=1

Let ||| be a matrix of dimension (4 X co). Consider the following form of a real number
x € [0;1]:

lim s = oo,
k—o0

A A4
x_AO...Ol...lZ...23...3...0...01...12...23...3...'
N e NN L N~

[To1s1] [T1181] [T2181] [73151]  [TowsSk] [Tiksk] [Taksk] [Taksk]

1st block kth block

In paper [9] we proved the following three theorems.
Theorem 2. If ||7;|| is a matriz of dimension (4 x 00) such that for all n € N the
following conditions hold: Ton, + Tin + Ton + T30 = 1, T1n + 272, + 373, = 0, then

nhﬁn;o rn(Z) = 0.

Theorem 3. If |7, is a stochastic matriz of dimension (4 X co) and for any fized
j€{0,1,2,3}, lim 7, = A, then
n—oo

vj (ﬁ?) =\
Theorem 4. Let (sg)), (s,(f)) be sequences of positive numbers such that klim 35:) = 00,
—o00
r € {1,2} and |pV| = ||p£711)||, Ip®] = ||p§721)|| be stochastic matrices of dimension

(4 x 00). Let

2(lp@; s ]) = A%
p s 19k 0...01...1 2...2 3...3..0...01...1 2...2 3...3 ..
N S S N~ N S~ S N~

(lj) (7‘)8(11')] (T)ng)] [péq)s(lj)] [pé?sgf) (r) ;cj)] (T)Sl(cj)} [péz)sij)]

[Py, s

] [pn [p21 ] [plk s [pzk
1st block kth block

. 1 2 1 2
1f lim [si? — 57| = oo, then a([lp® | lls” ) # 2 (e : s£1).

3
. 1 2 1 2
1f Jm 35 vt = i1 > 0, then a(lp 515y 1) # w10 15,71
Theorem 5. If 0 € (0;3), then the set Oy is an everywhere dense, continuum set of zero
Lebesgue measure.

1
Proof. The well-known Borel’s theorem states that vy = v, = vy = v3 = - for almost

all in the sense of Lebesgue measure numbers of [0;1]. From this fact it follows that
Lebesgue measure of the set © is equal to zero.

Continuality. Construct a continuum subset of ©4 such that frequency of the digit 0
exists for all elements (similarly we can construct a continuum subset of O such that
the frequency of a fixed digit “”, ¢ € {1,2,3}, exists for all elements). Let sy = k
and D = (po,p1,p2,P3), ¢ = (qo,q1,92,q3) be stochastic vectors such that py = qo,
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. ) k
P14 2p2 +3p3s = @1 + 2¢2 + 3g3 = 0, p1 # q1, then lim s = oo, lim =0,
k— o0 k—oo K
S;
s i=1
klim A1 — 0. From Lemma 3, where ay = 1 = p1, as = B2 = qi1, it follows that
— 00
S;
i=1

there exists a sequence a,(p1,q1) such that a,(p1,q1) = p1 or an(p1,q1) = q1 for any

k
Z [ai(pl,(h)Sz‘]
n € N and lim =———— does not exist. Denote 1o, = po, T1r = ar(p1,q1). Using
k—oc0 Z Si
i=1

the system

Tok + T3 = 1 — po — ar(p1, q1),
279k + 3T3k11§n) =0 —ar(p1,q1)

we calculate 7o, T3,. Namely, 73, = 0+ag(p1,q1) —2+2po T2k = 3—3po —0—2ax(p1, q1)-
It is evident that 7%, where i € {2, 3} is equal to p; or ¢; if ax(p1,q1) is equal to py or ¢,
k

E [ai(p1,q1)s:]
respectively. From Theorem 3 it follows that vy(x) = po. Since lim =———— does
k—o0 Z Si
i=1

not exist we obtain that the frequency v4(x) does not exist either. From Theorem 4 it
follows that different numbers x constructed as specified above correspond to different
pairs of vectors p and § with relevant properties. Since the set of such pairs is a continuum,
we see that the set ©, is a continuum.

Everywhere density. Since the condition kli_)ngo rp(z) = 6 does not depend on an ar-

bitrary finite group of first symbols and for any interval [a;b] there exists a cylinder

[Af‘y”z_”%(o); Aflywz.,.w(ii)] completely contained in it, we see that ©- is an everywhere
dense set. O

Theorem 6. If 6 € (0;3), then the Hausdorff-Besicovitch dimension ag(©2) of the set
O is positive, i.e., ag(©2) > 0.

Proof. Let (g;) be an arbitrary sequence of zeros and ones, vectors (pg,p1,p2,p3) and
(po, q1,42,q3) be stochastic vectors such that pg > 0, p1 # q1, p1 +2p2 + 3ps = 6 =

O, if E; = 1 . .

q1+2q2+3q3, i = [pok(i+1)]—[poki] =7, 7 = { L ife—0 ti = [psk(i+1)]—[pski].
Consider the system

5 Tityitzi+ti=k—1,

( ) Yi +22z; + 3t; = [9/(1(1 + 1)] — [ek‘l],

whence z; = [0k(i+1)]—[0ki]—k+1+x;—2y;, y; = 2(k—1)—([0k(i+1)] — [0ki]) — 2z; +1;.
We obtain that

zi  [{Oki} + 0K 1 [{poki} +pok]  2[{pski} + p3k]
T & et k - k

[{0ki} + {0k} n 1 n [{poki} + {pok}]  2[{pski} + {psk}]
k k k k '

=0—1+py)—2p3+
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Since 0 — 1 4 pg — 2p3 = p2 and for a sufficiently large k we have z; € N for all i € N.
In the same way,

Yi _o_ 2 [{Oki} + 0k 2[{poki} +pok] i | [{pski} + psk]
kT k k k k k
2 [{Oki} +{0k}] _ 2[{poki} + {pok}]

—2-9-2 2 -
Do + 3p3 A B 3

T ki + k
Lo, oski) + (pok)]
k k

Since 2 — 0 — 2pg + 3ps = p1 and for a sufficiently large k we obtain y; € N for all
i € N. Similarly we prove that for a sufficiently large k£ € N all solutions of the system
Tty + 2+ ti=k—1,
Yi + 22:1' + 3L‘,‘ = [Gk(z + 1)} - sz},
z; = [pok(i 4+ 1)] — [poki] — i,
are positive integers for all i € N.

Let k be a sufficiently large positive integer. Let all solutions of systems (2) and (3)
be positive integers for arbitrary sequence of zeros and ones (g;), i« € N. Construct the
number z(g;) as follows:

3)

__ A4
w(e)) =820...01...12...23...3.£0...01...12...23...3..
N e e e~ N e e e~

z1 Y1 z1 t zj Yj 2j tj

k symbols k symbols

Without loss of generality put ps > g3, let § > 0 be such that p3—§ > ¢35 — 4. Let r; be a
positive integer such that (z;, y;, 2i, t;) is a solution of system (2) for any j € {1,2,...,7}

and
r1
Ng(x,lﬂ“l) o zgl t’b _ [p3k‘<’f‘1 + 1)] > -5
k’Tl h kT’l o ]C’I"l b3 ’
this is possible since the last value tends to p3 as r; — oo.
Let 1 < 7o be a positive integer such that (x;,y,,2;,t;) is a solution of system (3)

forany j € {r1 +1,...,r} and

2 N
Ni(x, kra) z; _ psk(ri + 1)) = [gsk(r1 + 1)] + [gsk(ra + 1)]
= = < q3+ 57
/{ﬂ“g k"l‘g k‘?”Q

this is possible since the last value tends to g3 as r9 — .
Let 3 < 73 be a positive integer such that (x;,y,,2;,t;) is a solution of system (2)
for any j € {ra+1,...,r3} and

N3(.I‘,/€T3)
/€7"3
_3 [psk(r1 4+ 1)] — [g3k(r1 + 1)] + [g3k(ra + 1)] — [p3k(ra + 1)] + [p3k(rs + 1)] S
kr:
> p3 — 5, ’

this is possible since the last value tends to p3 as rp — co. And so on.

We obtain that Ns(z, kry) _ N3 (@, krit1)
kri kTi+1

lim Ns(z, kr;)

i—00 T

> p3 —q3 — 20 for all i € N. Assume that

exists. Hence, we have a contradiction with Cauchy’s criterion. Thus,
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N3 (x kjri)

lim does not exist, i.e., the frequency vs(z(g;)) does not exist. On the other
1—00

hand, if kj < k(j+ 1) then

J

>~ [pok(i + 1)] — [poki]
i=1

No(z(e:), n) [Pok(j + 1)] — [pok]

n C KG 4 1) = kGt
=Po — {pOk(Jkg—jl-z}l)_ o —po, as j — oo,
Jj+1 ‘ _
Nofa(e,m) _ PP IR k4 2)) — oot
n = kj o kj
= poj + 2 - {pOk(‘j +/€2J)} — [pok] — po, as j — oo,

hence, vo(z(g;)) = po. Also

J

Z [0k(i + 1)] — [0ki]

P _ [0k(G +1)] — [0K]
rn(2(ei)) = kG + 1) - k(j+1)
_, {6k(G+1)} — [0K] ;
=0 FG+ D) —0, as j— oo,
j+1
SO [0k(i + 1)) — [0ki] ;
P ~ {Ok(j +2)} — [0F]
Tn(z(g:)) < kj B kj
_ 9‘7;2 {0kl +/3} il L

hence, nlbn;o rn(z(g;)) = 0, and from Theorem 4, the frequencies v4(z(g;)) and va(x(e;))
do not exist.

Thus, z(g;) € Os.

Selecting an arbitrary quantity of (not necessarily consecutive) blocks of number x(g;)
and changing the order of digits (except for ¢;) inside each block we get either the “old”
number z(g;), or a new number Z(g;). These numbers belong to O4 since Ny(x(g;), kr) =
N;(z(e;), kr) for any r € N and | € {0,1,2,3}. Denote by C(z(e;)) the set of numbers

Z(g;) obtained from z(e;) by choosing an arbitrary number of blocks and changing the
digit order inside them. It is obvious that the set is a continuum. Denote by C a union of
the sets C(z(g;)) with respect to all possible sequences (g;) and show that ao(C1) = 5.

To calculate the Hausdorff-Besicovitch dimension it is sufficient to use covering of
4-adic cylinders. Consider a covering of the set Cy by cylinders of the same rank m. the
a-volume of the covering is equal to

o 2t gty i =kt — 4, je{l,...,k—1},
O 20y, i = ket

It is clear that Ry, ; < Rgt_j, j €{2,...,k — 1} hence, consider an a-covering of the
set Cy with cylinders of rank n = kt — 1.
The Hausdorff’s box—counting a-measure of the set C; is equal to
21‘/71

H,(C)) = lim ——— = 22071 iy 2t(1-2ka)
() = lm e im0
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Whence,
0, if a>—
Ha(C1) = 2
oo, if a< BT

Therefore, box—counting dimension of the set C is equal to a = i Let us show that
a9(C1) = 5. Consider an arbitrary finite covering of the set C} by 4-adic cylinders
{v;}, 7 € {1,...,1}, and prove that if o = i then the preceding rank covering is not
improvable. Let u; be one of cylinders of the covering. Then |u;| = 37" for some n € N.
Let n = kp—r, r € {0,...,k — 1}, then a-volume of covering of the set C; N A; by
cylinders of rank kp — r 4+ m is equal to

o=t (g=thbp=rthl=alya i gy =kl 4+r—j, je{l,...,k—1},

e (CLN A,
kp + ( 1 ) {2]@(4—(.pr—7“-‘rkl))oz7 if m=k‘l+7", e N.

Let us show that Ry, ., (C1Nvj) < v, = (47 (kp=r)ye Tt is obvious that Ry -1 <
Rg(pﬂ)fj, if j € {2,...,k}. Consider an a-covering K N A; by cylinders of rank k(p +
) — 1. Its volume is equal to

2[71(47(kp+3l71))04.
4(1—r)o¢

1
< 1 we obtain if o = % then

2\
Since (4’”) =1 and

(1—7) l
21=1(4~(kp+3l-1)ya — (47(kpfr))a 4 <2) < (4*(’61’”)) Hence if a = L we

2 4kl 2k
~ 1
have H,(C1) = Ho(Ch) = % and we see that the Hausdorff-Besicovitch dimension of
the set Cy is equal to the box—counting dimension of the set C; C Oq, thus ag(02) >

1
ao(Cl) ﬂ > 0.
U

5. THE SET O3

Theorem 7. If 0 € (0;3), then the set O3 is an everywhere dense, continuum set of zero
Lebesgue measure.

Proof. Lebesgue measure. Since almost all (in the sense of Lebesgue measure) numbers

of the interval [0;1] are normal, i.e., vy = 11 = vy = Vg3 = 1 [5] we see that Lebesgue
measure of the set O3 is equal to zero.

Continuality. Let s, =k, po > qo > 0, p1 > ¢1 > 0. Suppose that all solutions of the
system
r+y+z+t=1,

y+2z+3t=90,
T =poV qo,
y=mVa
are positive.
It is obvious that hm Sk = 00, le — =0 kl—><>o k+1 _ . From Lemma 3, where

Zsz 251

Q1 = po, Q2 = qo, B1 = p1, P2 = q1 it follows that there ex1st sequences a,(Po,qo) = Po
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or an(po, qo) = qo and by, (p1,q1) = p1 or bu(p1,q1) = ¢1 such that for all n € N the limits

e

[a;i(po, qo)si] Zk: [bi(p1,q1)s4]

i—1 . =1
= and lim z

k k—o0
S;

lim
k—o0

k
> Si
=1

do not exist.
Denote 1o = ax(po, go), 71k = bk (p1,¢1). From following system

Tok + Tik + Tog + 736 = 1,
Tk + 2Tk + 373, = 0

we obtain Tog, T3k, i.€., T3 = 0 — 2+ 270k + T1k, Tokr = 3 — 0 — 3Tok — T1k.
Since the limits

k k
No(z, Z 8i) . [ai(po, q0)si]
lim —— =1 — |im &L
k— o0 k k— o0 k
— Z 5 — Z s
i=1 i=1
and
k k
Ni(z, 3 si) > [bi(p1, q1)sil
lim — =1 — lim &L
k—o0 k—o0

k
> Si
=1

do not exist, the frequencies vy(z) and v (z) do not exist either. Then from Theorem 2
and from Theorem 4 it follows that lim r,(x) = 0 and v,(z), v3(z) do not exist.
n—oo

From Theorem 4 it follows that different numbers constructed as indicated above cor-
respond to different pairs (pg, go) and (p1,q1). Since the set of such pairs is a continuum,
we obtain that set O3 is a continuum.

Everywhere density. Since the condition kl;rgo ri(x) = 0 does not depend on an arbi-

trary finite group of first symbols, and for any interval [a; b] C [0; 1] there exists a cylinder
[Aiwzi_%(o); Ailvz--.w(i’))] completely contained in it, we see that ©3 is an everywhere
dense set. ]

Theorem 8. If 6 € (0;3), then the Hausdorff-Besicovitch dimension ag(©3z) of the set
O3 is positive, i.e., ag(O3) > 0.

(1) (2)

Proof. Let (g;) be an arbitrary sequence of zeros and omnes, let py’ > p;~ > 0 and

pgl) > p?) > 0, let solutions of the system

r+y+z+t=1,

y+2z2+3t=90,
v =py’ Vo,
y=p" v

be positive.
Denote

0, ife; = 1, B 0, ifg; =0,
7"1- = . 7"7; = .
{1, lfé‘i:(), {1, leizl.
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Similarly to the proof of Theorem 6, we show existence of a sufficiently large positive
integer k such that all solutions of the systems

Tit+yi+ztti=k+1,

Yi + 22 + 3ty = [0k (i + 1)] — [0ki],
@ 21 = [k + ] — [P k] - 7,

t; = [P\ k(i + 1)) — [ ki] — 7,

Tty +z+ti=k+1,

yi + 22 + 3t; = [0k(i + 1)] — [0ki],
5) 2y = [pPk(i + 1)) - [P ki) — 7,

ti = [Pk + 1)) — [\ ki] — 75

are positive for all + € N.
Let (g;) be a fixed sequence of zeros and ones. Construct a number z(g;) as follows:

_ 4
w(e)) =820...01...12...23...3.£0...01...12...23...3..
N e e e N e e e~

T Y1 Z1 t1 Ty Yj zZj tj

k symbols k symbols

Let 6 > 0 be such that pél) -6 > p(()2) +94, pgl) —5> pg2) +4.
Let g1 be a positive integer such that (z;,y;, 2;,%;) is a solution of system (4) for any
N, k N k
je€{1,2,...,91} and M >p(()1) -4, M

kg1 kg1
Let g2 be a positive integer such that (z;,y;, 2j,t;) is a solution of system (5) for all

No(z, k Ni(z, k
Jefg 10 +2 . go} and Nol:k2) Ni(x,kga)
kgs kgs

Let g3 be a positive integer such that (z;,y;, 2;,t;) is a solution of system (4) for any

> pgl) — 4.

<p +4, <p? +3.

N, k N- kg:
j€{g2+1,92+2,...,95} and M >p(()1) — 4, M >p§1) —d. And so on.
kgs kgs
Since ( ) ( )

Na I’,k'gj_;,_l Na. I’,kgj (1) (2)

— > — —20
kgj+1 kgj Pa Pa
No(z, kgj)

for all j € N, the limits lim

‘]*)OO il
we obtain a contradiction to the Cauchy criterion). Thus, vo(z(e;)) and vi(x(g;)) do not
exist.

Let

, a € {0,1} do not exist (assuming the converse,

kj<n<k(j+1),
[Ok(j +1)] — [0k _ ,  {0k(j +1)} + [0K]

™G ETES) I
p o ORGEIZ(0K] o 2 {ORGH} (0K, o
kj J kj

Hence, 7, — 6 as n — oo and from Theorem 4, it follows that the frequencies va(z(g;))
and v3(x(g;)) do not exist, i.e., z(g;) € Os.

Selecting an arbitrary quantity of (not necessarily consecutive) blocks of number x(g;)
and changing the order of digits inside each block (except for &;) we obtain either the
“old” number z(e;), or a new number z(e;). These numbers are contained in 3 since
Ni(z(e;), kr) = Ni(Z(g;), kr), for any r € N and [ € {0,1,2,3}. Denote by C(z(e;)) the
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numbers Z(g;) obtained from z(g;) by choosing an arbitrary number of blocks and

changing digit order inside them. It is evident that the set is a continuum. Denote by

C1 a union of the sets C(x(s;)) of all possible sequences (¢;) and show that ao(C1) = 3.
Similarly to the proof of Theorem 6, we show that ay(Cy) = %
Thus, ap(©3) = ap(Cy) > 0. O

10.

11.

12.
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