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WEAK-COUPLING LIMIT FOR ERGODIC ENVIRONMENTS

MARTIN FRIESEN AND YURI KONDRATIEV

ABSTRACT. The main aim of this work is to establish an averaging principle for a
wide class of interacting particle systems in the continuum. This principle is an
important step in the analysis of Markov evolutions and is usually applied for the
associated semigroups related to backward Kolmogorov equations, c.f. [27]. Our ap-
proach is based on the study of forward Kolmogorov equations (a.k.a. Fokker-Planck
equations). We describe a system evolving as a Markov process on the space of finite
configurations, whereas its rates depend on the actual state of another (equilibrium)
process on the space of locally finite configurations. We will show that ergodicity
of the environment process implies the averaging principle for the solutions of the
coupled Fokker-Planck equations.

1. INTRODUCTION

This work is devoted to the study of interacting particle systems with a continuous
state space, say R?. Particles are supposed to be indistinguishable completely determined
by their positions denoted by = € R?. Particular models are used in various fields such
as physics, chemistry, ecology, medicine and even social sciences, where it is usually
supposed that particles are subject to some Markovian dynamics including elementary
events such as birth, deaths and jumps. A rigorous study of these models by stochastic
differential equations is, e.g., performed in [22, 15, 5, 16, 32, 20] while analytic tools have
been used in [6, 26, 7, 9]. Note that all models mentioned above assume that the total
number of particles is finite at any moment of time, i.e. they are modeled on the state
space of locally finite configurations

Lo ={nCcR?||n| < oo},

where |A| denotes the number of elements in the set A. Such space can be equipped with
a natural topology such that it becomes a locally compact Polish space.

In this work we study such particle system in the presence of an environment described
by another particle system on the space of locally finite configurations

I'={ycR?||yN K| < oo for all compacts K C R%}.

In order to distinguish between I' and I'g, we use 7 for elements in I', while 7, £, ¢ belong
to I'y. We endow I' with the smallest topology such that, for any continuous function
f: R — R with compact support, vy — Za:E’y f(x) is continuous. It can be shown
that T is a Polish space, see [23]. Note that, in contrast to 'y, this space is not locally
compact.

Let us describe the general form of the dynamics (system and environment) studied
in this work. For a fixed configuration of the environment v € I', dynamics of the system
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is supposed to be given by the heuristic Markov operator

(L1) LS =3 / (N\E Un) — F)K(7.£,1,dC),

§C771"U

where K(v,&,m,d() > 0 describes the infinitesimal transition rate for the elementary
Markov event n —— n\¢ U (. Such transition rate should satisfy some reasonable as-
sumptions, and can be seen as a continuum analogue of the Kolmogorov matrix known
from the theory of Markov chains on countable state spaces. Denote by L¥ the Markov
generator for the Markov evolution of the environment on I, i.e. an unbounded operator
acting on a suitable class of functions F' : I' — R. The corresponding Markov pro-
cess for the joint evolution, system and environment, can be formally obtained from the
(backward) Kolmogorov equation

d s E
(1.2) %Ft =(L°+L")F;, Filimo=Fy,, t>0,
where Fy : Ty x I' — R, L® = L%(y) is given by (1.1) and acts only on the variable 7,
while L¥ acts only in the ~ variable. Note that such description is only heuristic, i.e. in
this generality the corresponding Markov process does not need to exist and, moreover,
equation (1.2) does not need to have any solution at all.

Ignoring for a moment the construction of solutions to (1.2), let us denote by (n:,7:) €
I'o x T' the Markov process obtained by formally solving (1.2). Since L is assumed to
depend on =, it is clear that 7, alone is not a Markov process on I'y. However, for
different regimes of parameters one may still hope that the system process 7, is at least
close to a Markovian process in some reasonable sense. From the mathematical point of
view the latter one results in the requirement to find a certain scaling (n§,v5), € > 0,
and show that n; — 7, for ¢ — 0, where 7, is a Markovian process. Therefore, such an
approximation is a particular case of Markovian limits as discussed in [30].

If the environment process is ergodic with invariant measure p, then the weak-coupling
limit, which is a particular case of so-called random evolution framework, see, e.g., [28,
29], can be used to approximate 1; by a Markov process obtained from the averaged
Markov operator

= / (MEUC) — Fm)E(E,n,do),

fCU[‘O

where K(£,m,d¢) = Jp K (7,€,n,d¢)du(y). More precisely, consider, for ¢ € (0,1), the
scaled (backward) Kolmogorov equation

d 1
(1.3) —Ff = (LS + 6LE) Ff, Fflimo=Fy, t>0,
where the initial condition Fy = Fy(n) is supposed to be independent of the variable .
Then one expects that Ff — F; as ¢ — 0 and Fy = Fy(n) solves

d—
%Ft:LFta Fili—o = Fo(n), t=>0.

Such a formal scheme was established for various situations based on the theory of sto-
chastic equations or on a detailed study of the (backward) Kolmogorov equation. How-
ever, at present there exist no methods for the rigorous study of (1.3).

In this work we propose another approach to study the weak-coupling limit ¢ — 0.
Namely, let £, := L'(I'o x I', A\® ) and consider the evolution of densities obtained from
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the Fokker-Planck equation
d 15 S 1 E ' e & 1
(1.4) Py = L7+ L% | o, pile=o = po € L7 (To, A),

where (L% + LLF)" denotes the adjoint operator to L® + L. Note that p; describes
the one-dimensional distributions of the corresponding Markov process (75,5 ), provided
it exists. Hence we seek to prove that p; — p, in £, as € — 0, and, moreover, show
that p, € L'(Tg, \) is independent of +y satisfying the Fokker-Planck equation

(1-5) %ﬁt = L*pu pt|t=0 = po,

where L" denotes the adjoint operator to L. In [11] we have shown by a different approach
that for more specific models of birth-and-death type the restriction that the system
dynamics evolves in I'g can be dropped, i.e. a similar result was obtained for spatial
birth-and-death processes on the larger state space I' x I'. Contrary to this, the result
obtained in this work applies to a significantly larger class of dynamics.

This work is organized as follows. In Section 2 we discuss the construction of Markov-
ian particle systems on I'y with rates independent of the environment. Our main result
of this work is then formulated and proved in Section 3. Finally, a particular example is
discussed in the last Section of this work.

2. SOME RESULTS FOR FINITE PARTICLE SYSTEMS

2.1. Space of finite configurations. Set Féo) = {0} and, for n > 1, F(()n) ={n C
R? | |n| =n}. Then

To={ncR| |p| <oo}=||T§",
n=0

where | A| denotes the number of elements in the set A C R?. Let us describe the topology

used on T'g. Denote by (R%)" the collection of all (z1,...,x,) € (RY)" with z; # z; for
i # 7, and set

sym,, : (R4 — Fén), (X1, yxn) — {xy, .. 20}

A set A C Ty is said to be open iff sym; (AN Fé")) C (R4)™ is open for all n > 0 in the

relative topology on (R?)™. It can be shown that 'y equipped with this topology is a

locally compact Polish space [4]. Moreover, the corresponding Borel-o-algebra B(T'y) is

generated by cylinder sets {n € [y | [N A| = n}, where n > 0 and A C R? is compact.
The Lebesgue-Poisson measure A on I'y is defined by the relation

/G(n)d)\(n) =G({0}) + Z % / G{z1, ..., xn})dey ... day,

To = (Rd)n

where G is any Borel-measurable non-negative function on I'y. This measure satisfies,
for any measurable function G : 'y x I'g — R, the integration by parts formula

(2.1) / S G(E A = / / G, m)dN(€)aA(),
Iy €Cn o Do

provided one side of the equality is finite for |G|, see [19, Appendix].
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2.2. Markovian dynamics on I'y. In this section we briefly describe Markovian dy-
namics on I'y consisting of elementary Markovian events such as

n—N\EUC, CCRAN\M\E), &cn.

Such events should occur with infinitesimal transition rate K : I'g x I'g x I'g — R
satisfying
(K) The map (§,7,¢) — K(&,n,() is jointly Borel-measurable and

o

Denote by BM (Ty) the Banach space of all bounded measurable functions equipped with
the supremum norm. For F' € BM (Ty) define

(2.2) AR =3 / (FN\EUC) — Fm)K(,1.0)dNQ), 7€ To.

€Cnpo

Note that AF' is pointwisely well-defined but, in general, does not need to be bounded.
Such operator is supposed to describe a pure-jump Markov process on I'g, which may
have an explosion. This can be seen from the following representation given below. For
n €Ty and A € B(T'y) we define a transition kernel

Q0 A) = Y [ 14\ UOKE . N
SCWFU
describing the infinitesimal rate from state n to the set A. The total transition rate is
therefore given by

aln) = QL) = 3 [ K(Em )drm)
£Cnp,

Note that (K) implies that ¢(n) is finite for each n € I'y. The action of the operator A
can be then rewritten to

(23)  (AF)(n) = —a(n)F(n) +/F(£)Q(n,d§) = /(F(é) — F(n))Q(n, d¢).
To To

A construction and some properties of the corresponding minimal (sub-)Markov transi-
tion function P : Ry x I'g x B(T'g) — [0,1] was studied in [10, 7, 17]. Based on the
theory of Lyapunov functions, the corresponding transition semigroup, in particular the
Feller property, was recently studied in [18]. Below we provide a construction of the
(sub-)Markov transition function and the associated semigroup based on the theory of
sub-stochastic semigroups.

Denote by M(T') the Banach space of signed Borel measures with finite total variation

vl = [v[(To) = v4(To) + v—(To), v e M(I),

where v4,v_ denote the Hahn-Jordan decomposition of v and |v| := vy +v_. The
(formally) adjoint operator to A should act on M(T'g). Using the representation (2.3),
it is clear that it should be given by

(€)=~ [atmutdn + [ Q. Covtdn). C € B(Xa)
c T'o
equipped with the domain

D(A) = VGM(FO)‘ [a@ivitan <o
To
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A strongly continuous semigroup S(t) on M(Tg) is called sub-stochastic, if S(t)v > 0
and ||S(t)v| < |lv|| whenever 0 < v € M(T'g). Then we obtain the following.

Theorem 2.1. Suppose that (K) is satisfied.
(a) The operator (A, D(A)) is well-defined and has an extension (G, D(G)) on M(T)

which is the generator of a sub-stochastic semigroup S(t). Moreover, this semi-
group is minimal in the following sense: Let (g(t))tzo be another sub-stochastic
semigroup on M(To) with generator being an extension of (G,D(G)). Then
Sty < S(t)v for all0 < v e M(Ty) and t > 0.

(b) There exists a (sub-)Markovian transition function P such that

(2.4) SHW(C) = / P(t,n,C)u(dy), t>0, CeB(To).

(¢c) For each v e M(Ty) and F € BM(Ty) the duality

/Swﬂmwwwa/ﬂmwmwwm7tzo

Fo 1—‘0

holds, where S(t)*F is given by

(2.5) SWF0) = [ FOPEn.d9). t>0.
o

(d) S(t) leaves the space L*(Tg,\) C M(Ty) invariant. Its restriction to L*(To, \)
s again a strongly continuous semigroup.

Proof. First observe that the multiplication operator (—q, D(A)) given by —quv(C) =
— Joa(n)v(dn) generates a positive analytic semigroup of contractions given by

(e=11)(C) = / e~ y(dn), v e M(Ty).
c
Next observe that (B, D(A)) given by

<&Mm=/@mﬁwwm C € B(Ty)
To

is well-defined, positive and satisfies
(26) Bu(to) = [ Q. Tohv(dn) = [ atwwidn). 0 <ve D).
o o

Hence assertion (a) is a consequence of [31, Theorem 2.1]. Assertion (b) follows from [31,
Section 5], while property (c¢) can be directly deduced from (2.4) and (2.5). It remains
to prove assertion (d). For a > 0 and v € M(T'y) define

Rlap(C) = [ st C € BT,

which implies that

_ [ Q(,C)
a+q(n)

o

BR(a)v(C) v(dn), C € B(Iy).
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It follows from [31] that the resolvent of (G, D(G)) satisfies
o0
-1, _ 1 n n
(a—G)"v= }1/ml R(a) nE:OT (BR(a))"v, ve M(Ty),

where the convergence is with respect to the total variation norm. Next observe that
LY(Tg, A) is closed in M(T) such that, for each g € L*(T, \), one has

Iz ony = / g mIdA) = lgM | aecroy-

To
Hence it suffices to show that R(a) and BR(a) leave L*(Tg, \) invariant. It is immediate

that R(a)L*(To,\) C L*(T'p,\). Next let v = g\ with g € L'(T'g, A), and take C' € B(I'g)
with A(C) = 0. Then

(BR / Qn.C) 20 i)
9(n)
/ > [ 1etneuORTEn Qa0 DN
o My
9(nug)
= [ [ [1emuaricnveo flaEaaomn@am
o To To
9(nUE\Q) _
~ [ [1ct ) K GO TEE RO =0
Ty To n
where we have used (2.1) twice. O
The semigroup S(t) is called stochastic, if S(t)v > 0 and ||S(¢)v| = ||v|| whenever

0 <ve M(Ty). This is equivalent to the requirement that P(t,n,To) =1 for all ¢,n. Tt
is worthwhile to mention that without any further assumptions the semigroup S () might
be not stochastic, i.e. P(t,£,T) < 1 may occur for some ¢ > 0 and £ € T'y. Sufficient
conditions for S(t) being stochastic can be found in [7, 31]. We have the following simple
characterization of stochasticity. Other related results are given in [3].

Corollary 2.2. Suppose that (K) is satisfied and let S(t) be the semigroup constructed
above. Then S(t) is stochastic if and only if its generator (G, D(G)) is the closure of
(A, D(A)).

Proof. Suppose that (G, D(G)) is the closure of (A, D(A)). By (2.6) we obtain Av(I'y) =
0 for 0 < v € D(A)). This yields, by approximation, Gv(I'y) = 0 for 0 < v € D(G)).
Hence, for 0 < v € D(G), we obtain

LS (el = 2 St (To) = GS(1w(To) = 0.

This shows that S(t) is stochastic.
Conversely, suppose that S(t ) is stochastic. Take 0 < v € M(Ty) and observe that by

S(t)y >0 and S(t)v =v + gfo s)vds we have
t

v(Lo) = vl = [IS@)v[l = S(t)v(To) = v(T'o) + Q/S(S)Vds (To), t>0.

0
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Hence we obtain, for 0 < v € D(G),
1 / 1 /
0=o; /S(s)uds (Ty) = ;/S(s)gyds (Ty) —> Gu(Ty), t—0,
0 0

i.e. Gv(I'y) = 0, where we have used that v — v(I'g) is continuous in the total variation
norm. Using also that Av(Ty) = 0 for 0 < v € D(A), the assertion follows from [3,
Corollary 3.6]. O

The following is a particular case of [31, Proposition 5.1].

Remark 2.3. Suppose that (K) is satisfied and assume that there exists a measurable
function V : Ty — R4, and constants ¢,b > 0 such that

(2.7) / (V(€) — V() Q. d€) < (1 + V(1)) — eq(n), n €Ty,
To

Then S(t) is stochastic and leaves

My (o) ={v € M(Lo) | lv]lv = /(1 + V(n))dv(n) < oo}
o

invariant. Moreover, the restriction of S(t) onto My (Ig) is strongly continuous.

We close this section with another sufficient condition for S(t) to be stochastic due to
[7, Part I, Theorem, 2.25].

Remark 2.4. Suppose that (K) is satisfied. Moreover, assume that
(i) There a measurable function V : Ty — Ry and a constant ¢ > 0 such that

[w©-vemaua =i, ner.
o
(ii) There exists a sequence of Borel sets (Ep)neny C To with E, C Fni1 and
U, eny Bn = To such that

neN —n

su < oo, VneN, lim inf V(n) = cc.
Sup o) e

Then S(t) is stochastic.

3. THE MAIN RESULT

3.1. Description of the environment. The following is our main conditions on the
environment:
(E) There exists a Borel probability measure p on I' and a positive semigroup of
contractions T (t) on L*(T, i), which is assumed to be L'-ergodic, i.e., for each
Re LY(T,p)

(3.1) ITE(t)R — PuR|pirpy — 0, t— o0,
where P,R = [ R(v)du(y) denotes the average of R with respect to .

Such condition has the following interpretation. The environment has an equilibrium
measure g and, if the environment is in the initial state Rdu, where R € L*(T, 1), then
the time evolution is given by Ridu with R, = T (t)R. Since, in addition, one has
TE(t)R — P,R in LY (T, u), the evolution of densities is ergodic on L'(I', ). The
following result is classical in the theory of Dirichlet forms. It will be used to provide
sufficient examples for condition (E).
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Theorem 3.1. [8, Theorem 1.4.1] Let u be a Borel probability measure on T and let TE (t)
be a symmetric Markov semigroup on L*(T, 1), i.e. a strongly continuous semigroup with
T®(t)1 =1 satisfying

[TEOR Hau= [ RTFO A, R L0,
r r
and 0 < TE(t)R < 1 whenever 0 < R < 1. Then TF(t) leaves L*(T, u) N L>(T, )

invariant and has, for p € [1,00), a unique extension Tf (t) onto LP(T, u) being a positive
and strongly continuous contraction semigroup. These extensions satisfy

TY(tR =Ty ()R, ReL’(D,p)NLYT,p), 1<p<g<oo
and if § + ¢ =1, then TP (t)* = T/ (t) with TE(t) := T ()"

Based on the theory of Dirichlet forms, equilibrium gradient diffusions on I' were
studied in [1, 2]. Equilibrium Glauber dynamics were then studied in [25]. For both
examples it was shown that grand canonical Gibbs measures are invariant measures
and the corresponding symmetric Markov semigroup T4 (¢) on L?(T', 1) was constructed.
Moreover, it was shown that this semigroup is ergodic on L2(T, ), i.e.

Ty ()R — PyR| 2y — 0, t— 00, ReL*T,p).
Let T#(T) be the strongly continuous semigroup on L*(I", i1). Then
ITE()R — PuRl| 1) < 1757 ()R — PuR| 20,0

for all R € LY(T', ) N L*(T, ), i.e. (3.1) holds on a dense set of functions. Since TF(t)
is a contraction operator, by approximation it also holds for all R € L!(T', u).

3.2. Description of the system. The system is modeled by a Markov process on I'g
having generator similarly to the one from Section 2. Moreover, we suppose that its rates
depend, in addition, on the configuration of the environment. More precisely, let L® be
for any bounded measurable function F' = F(n,~) given by

(32 R =Y / (FINEUC,m) — F,7)) K (7,6, O)dA Q)

€Cnp,

where K(v,&,1,() is supposed to satisfy
(S) K:T'xTyxTyxTy—[0,00] is jointly Borel-measurable and satisfies

(3.3) / / K(7,€,m,O)dA(Q)dpu(7) < oo, Ve €T,

I' Ty

By (3.3) one immediately shows that (3.2) is well-defined for any n € T'g and p-a.a. v € T
However, since we have not assumed any growth condition on the integral in (3.3), the
resulting function L°F does not need to be bounded. In particular, the corresponding
dynamics may be not conservative, see Section 2 for additional comments. Particular
examples are discussed in the last section of this work, see also [18].

3.3. The main result. As it is already explained in the introduction, we are interested
in the asymptotic regime € — 0 for the densities pf obtained from (1.4). However, in this
generality it seems hopeless to study the Fokker-Planck equation (1.4) directly. For this
purpose we introduce a certain approximation Lf and study first the corresponding limit
¢ — 0 when ¢ > 0 is fixed. Afterwards we take the limit § — 0 to deduce the desired
result. Below we briefly introduce the main objects of this work. Their properties are
studied afterwards.
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(i) For given § > 0 we define
Ks(1:60.0) = 1K (60,0, alrin) = Y [ K160, 0N,
§C7lr‘0

Then K5 and g are measurable, non-negative and, by (3.3), also finite for p-a.a.
v. Denote by Lés the operator given by (3.2) with K replaced by Ks and define
another operator on £, by

(L§) p(n.7) = =a(ysme 2 p(n, )
+30 [ PnEU e MO K (¢, UG ING),
§C771"0
(ii) Let us fix the notation for the limiting objects when € — 0, i.e. define
(34) F{?(E,na /K5 Vs gaﬂa()du 7 q5 Z/K5 53777 d)‘ C)
£C771"0
and associated to Ks consider the Markov (pre-)generator
LoF() = 3 [(PINEUO) — FO Rl 1. OdNG).
£Cnp,
Finally define another operator on L*(I'g, \) by
Tioln) = ~as(mp(n) + 3 [ € UORs(6.mE U NG,
ECnp,
(iii) Finally let us describe the limiting objects when ¢ — 0. Define
(35) RKEn0): /KVSnC)du n=Y [ R0
ECnpo

and the associated Markov (pre-)generator

L) = Y [(F6\eUQ) - Fa)E(Em O
£Cnp,
Finally define another operator on L*(I'g, \) by
L' p(n) = )+ 3 [ e UOR(CMEUE EAAC).
ECnp,

Below we summarize the main properties of these operators.

Lemma 3.2. Suppose that (S) and (E) are satisfied. Then

(a) For each 6 > 0, L5 is bounded on L>(Tg x I',A\ ® u) and (L§)* is bounded on
L,.. Moreover, for each F € L>®(T'oy xT',A® p) and p € L,,, one has

o) [ @R = [ P o)A,
FOXF F(]XF
(b) For each § > 0, Ly is a bounded on L*°(Ty,\) and Ly is bounded on L*(Tg, \).
Moreover, for each F € L*(Tg,\) and p € L*(To, ), one has

/ (T F)(m)p(n)dA(n) = / Fn)(Tp)(m)dA(n).

To To
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(¢) The operator L" is well-defined on the domain
D(I*) = {p € Ll(Foa)‘) ‘ qp € Ll(FO’ )‘)}7

and for all F € L>®(To,\) and p € D(L") it holds that

/ (TF)(m)p(m)dA(n) = / Fn) (T p)(m)dA(n).

To To

Moreover, the operator (L, D(L")) has an extension (G,D(G)) on L*(T'y,\)
which is the generator of a sub-stochastic semigroup on L'(Tg, \).

Proof. Let us first prove assertion (a). Take F' € L*°(Ty x I', A ® p), then
ILSF (0, )] < 20| F ||z moxraem Y | Ko(v,€m,0)dA(Q)
5C7IFO

= 2HF||L°°(F0 XF,X@;L)Q(% n)eiéq(%n)

2
S IF Nz roxr aom) o5

i.e. L5 is bounded. For (L§)* we apply twice (2.1) to deduce

1ol < ghole, + [ [ [ [lotmocalestm9k . cnuge)

I T'o o I'p
X dA(Q)AN(&)dA(n)dp(7)

lelle, [ [ [ 3 Iotnaie 10K (¢ NN mu()

T Iy Ty $C7

= slole, + [ [ lptmle gt mrmduta)
T Ty

< lolle, ==

- "ed

Identity (3.6) follows by a very similar computation using (2.1), details are left for the
reader. Assertion (b) can be shown in exactly the same way, while assertion (c¢) is a
consequence of Section 2. O

It is worthwhile to mention that (G, D(G)) does not need to be the closure of (L™, D(L")).
A characterization and sufficient conditions for this property are given in Section 2.

In order to study the Fokker-Planck equation for the joint evolution of scaled densities,
we have first to extend the semigroup T (¢) onto £,,. Define

D= {f:ZRkpk

k=1

n €N, Ry € LYT, ), pr € Ll(FO,)\)} C L.

Note that D C £, is dense, see [21, Proposition 5.5.6]. The next lemma shows that 7 (t)
given by assumption (E) can be uniquely extended to an ergodic semigroup on L,,.

Lemma 3.3. Suppose that condition (E) is satisfied. Then there exists a unique positive
contraction semigroup T (t) on L, such that

n

(3.7) TE(1)f =Y (T*(t)Ri)ps, f€D.

k=1
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Moreover, it holds that
ITE(t)f — Puflle, — 0, t— o0,

where P WS = [ f(y)du(y) € LY(To, A) denotes the averaging with respect to p. Let
(LE,D(LF)) be the genemtor of TE(t), (LZ,D(L®)) be the generator of TE(t), and

define
= {f = Ripr

k=1

n€N,Ry € D(L®), pi, € Ll(ro,A)} :
Then D is a core for the generator (LZ, D(L¥)) such that

LPf = piLPRy, feD.
k=1
Proof. First observe that £,, := L'(Tg x T', p® \) & L'(T — L'(To, A), p). Define T (t)
by (3.7). Since TF(t) is positive, T2 (t) has a bounded extension to L,, with the same
norm, see [21, Proposition 5.5.10]. In particular TF (t) is a contraction operator. Since
TE(t) is strongly continuous on D, it follows that it is also strongly continuous on all
L,,. Let us prove the ergodicity. Take f € D, then

ITZ @) f = Puflle, <> ITP®) Re = PuBRllp okl mony — 0, = oo,
k=1

Since T (t) is a semigroup of contractions and D dense in £, the assertion is proved.
For the last assertion observe that D is dense in £,,. Moreover, by (3.7) it follows that
D is also invariant for T (t) and hence it is a core. O

The following is our main result of this work.

Theorem 3.4. Assume that conditions (E) and (S) are satisfied. Then

(a) For anye >0 and § > 0, the operator (L5)* + %ZE equipped with the domain D
is closable and its closure is the generator of a stochastic semigroup T¢°(t) on
L,.

(b) For any 6 > 0 and any p € L*(T'y,\) C L,, one has

(3.8) lim sup ||T5°(t)p — etZ;PHLM =0, VI >0.
e=0¢e0,17

(¢) Suppose that (L, D(L")) is closable and its closure generates a stochastic semi-
group T(t) on LY (g, \). Then

(39) lim sup ||6tL6p T( )pHLl(Fo A) — 07 VT > 07 p e LI(F()? A)
6=04e(0,1] '

Proof. (a) First observe that %EE is, for any € > 0, the generator of the semigroup

TE(g) on £L,,. Moreover, D is a core for this generator. Since (L§)* is bounded on £,

the sum (L§)* + LL* is defined on D, it is closable and the closure generates a semigroup
T.5(t) on L,,. Due to the Trotter product formula this semigroup is sub-stochastic.

(b) The assertion is proved if we can show that [27, Theorem 2.1] is applicable. There-
fore observe that for p € £, and A >0

oo o0

)\/e_’\th( )pdt— /

0 L, 0
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Since TE(t) is ergodic on L,, it follows that, for fixed s > 0, the integrand tends to zero
as A = 0. Due to ||Pupllz, < |lpllz, and |[TE(t)pllz, < llpllz, the integrand is bounded
by 2|pl[z,e”* and hence dominated convergence implies

P.p=lim X\ [ e MTE(t)pdt L,.
pp = /e (t)pdt, pe€L,
0

The operator Pu is a projection on £, with range Ran( ) = L'(Tp, ). Following
the notion of [27], observe that Cp := PM(L(;) p = Lsp is defined on L'(Tg, \) and is
additionally bounded. Hence [27, Theorem 2.1] is applicable, i.e. (3.8) is proved.

(c) For the last assertion observe that D(L*) is a core for T(t). By Trotter-Kato
approximation it suffices to show that

IZsp =L pllzrreny — 0, 60, peD().
Indeed, for any p € D(L"), we obtain
ILsp — L pl|

/|p ligs () — alaA)

/ 3 / 1PN\ U QIR (G mMEUC Q) — F(Cm\E UG E)lAAC)dAm).

Iy €1,

For the first term observe that by (3.5) and (3.4) we obtain

) ~an)| < Y [ 1Ks(€n,.0) = Kig,n. OlaA)
ECnp,
< 1- D K (7, € n, Q) du(y)dA(Q).
il

Since the integrand tends pointwise to zero and is bounded by 2K (v, £, 7, (), we deduce
from dominated convergence

/Ip(n)ll%(n) —q(n)]dA(n) — 0, ¢ —0.
To

The convergence

/ 3 / PN\ E U QIR (CMEUC,O) — K(Cm\EUCEAC)IAm) — 0, 60

Iy €0,

can be shown in the same way. (]

4. EXAMPLES

Consider equilibrium diffusions or Glauber birth-and-death Markov dynamics on I'
for a given invariant (Gibbs) measure p, more generally suppose that condition (E) is
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satisfied. Let us consider the spatial logistic model with heuristic Markov generator

(LSF)(n,7) = [ mz,y) + Y a (=) | (F(n\z,7) — F(n,7))

Ten yen\z
+ 3 A7) / a* (& — 9)(F(n Uy, ") — F(m,7))dy.
xrEN R

The statistical dynamics for such model (without the presence of an environment) has
been analyzed, e.g., in [12, 13, 14, 24]. Here m > 0 is the intensity of the death of
particles and A > 0 describes fecundity effects caused by the environment in the state ~.
Finally a= > 0 is assumed to be symmetric. It describes the competition of particles from
the configuration n € I'y. The distribution of new particles is described by a symmetric
probability density at on R%. After scaling the averaged dynamics will be given by the
heuristic Markov operator

(LF)m) =) [m@)+ Y a (z—y) | (F@\a) = F(n))

zen yen\z
+30%w) [ @@ - ) (FUy) — )y
xren RE

where the averaged intensities are given by

mie) = [ mie,7)dutr), K = [ Aw2)duty).
r r
Proceeding as in Section 3, denote by T s5(t) the scaled semigroup on densities £,, and by
T(t) and etLs the semigroups on LY(Tg, \). The next result states conditions for which
these semigroups exist and (3.8) holds.
Theorem 4.1. Assume that all intensities a™, m, \ are non-negative, measurable, that
a™ is a probability density and that m(z,-), \(x,-) are integrable with respect to p for any

x € RY. Then the semigroups Tr s(t), etLs and T(t) exist and (3.8) holds.
Proof. First observe that n € I'y and fixed £ C 7

o =Y ma )+ 3 S a @ —y) + S A7)

xren xren yE'r]\;L’ xren
=Y [Konem0N©) = [ K6, 0dx0),
ECUFD To

This implies that

//K(%ﬁ,n,ﬁ)dk(é‘)du(v) < /Q(% ndu(y) < oo,
I To

r

i.e. condition (S) are satisfied. The assertion is a direct consequence of Theorem 3.4.(b).
O

The reader may wonder why such weak assumptions are sufficient for existence and
convergence of the semigroups. The crucial point here is that we consider an approxima-
tion by bounded linear operators and hence, for each § > 0, no additional conditions are
needed. In order to pass to the limit 6 — 0 additional assumptions are necessary, which
are given below.
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Theorem 4.2. Assume that the conditions of previous theorem are fulfilled. Moreover
suppose that

(i) eitherﬁ,x, a~ are bounded
(ii) orm,\,a~ are locally bounded and there exists a continuous function ¢ : R —
[1,00) with ¢(x) — oo when || — oo and a constant ¢ > 0 such that

(4.1) Az)(at % @) (z) < co(x) + o(z)m(z), xeR%
Then T(t) is stochastic and (3.9) holds.
Proof. In the first case set E,, = {n €Ty | |n| < n}, then E, C E, 41, Un21 E, =Ty and
q(n) = Zm(x) +ZX(9€) +Z Z a
TEN TEN zEN yen\z

is bounded on any E,. Moreover, for V(n) = |n| we obtain inf,gg, V() > n+1 — oo,
n — oo and hence the assertion follows from Remark 2.4.

For the second case take E, = {n € Iy | |n| < n, n C B,}, where B, C R% is a
ball centered at zero of radius n. Hence due to (4.1) we see that the Lyapunov function

Vi(n) = ,e, p(x) satisfies
(LV)(n) < cV(n), neTo.
The assertion follows again by Remark 2.4. |

As a concrete case we can take u = 7., that is the Poisson measure with intensity
z > 0. Let us take for the interactions

m(z,7) =mo+ > _ Kz —y)

yeY
and

A, ) =Xo+ Y vz —y)
yey
with A\g > mog, 0 < k,¢ € L*(R?) and () < (k). Then

m = mo + z/n(y)dy =mo + 2(k)
Rd
and

X=A0+z/w<y>dyzxo+<w>.

Define 3(z) = (Ao + 2(¢p) — mg — 2(k)) and observe that V() = 1 + |n| satisfies
(LV)(n) < B(2)Inl.
If @~ is, in addition, bounded, then for each 0 < p € L'(Ty, \) satisfying
/(1 + [nD)p(n)dA(n) < oo, /p(n)dA(n) =
Ty To

we see that py = T t)p satisfies

/|77|pt Yd\(n) < €° z)t/|77|p )dA(n), t>0.

Without the presence of an environment, i.e. z = 0, the number of particles within the
system will grow exponentially in time. But due to the influence of the environment,
such growth may be prevented or even exponential decay may be observed.
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