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REPRESENTATIONS OF THE INFINITE-DIMENSIONAL AFFINE
GROUP

YURI KONDRATIEV

ABsTrRACT. We introduce an infinite-dimensional affine group and construct its ir-
reducible unitary representation. Our approach follows the one used by Vershik,
Gelfand and Graev for the diffeomorphism group, but with modifications made nec-
essary by the fact that the group does not act on the phase space. However it is
possible to define its action on some classes of functions.

Bopursca meckinuennosumipua addinna rpyna i Oyayerncs i1 me3sinne ynirapue
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mudeomopdismis, 3 HeOOXigHUME MOAUdIKALISIMET, OB’ I3aHUMU 3 TUM, 1110 IPYIIa HE

1. INTRODUCTION

Given a vector space V' the affine group can be described concretely as the semidirect
product of V' by GL(V), the general linear group of V:

AF(V) =V x GL(V).

The action of GL(V') on V is the natural one (linear transformations are automorphisms),
so this defines a semidirect product.

Affine groups play important role in the geometry and its applications, see, e.g., [4}[12].
Several recent papers [11 3 [5] [6, [8, [I5] are devoted to representations of the real, complex
and p-adic affine groups and their generalizations, as well as diverse applications, from
wavelets and Toeplitz operators to non-Abelian pseudo-differential operators and p-adic
quantum groups.

In the particular case of field V' = R? the group Aff(R?) defined as following.

Consider a function b : R¢ — R which is a step function on R?. Take another matrix
valued function 4 : R? — L(RY) s.t. A(z) = Id+ Ag(x), A(z) is invertible, Ay is a matrix
valued step function on R?. Introduce an infinite dimensional affine group Aff(R4)(R?)
that is the set of all pairs g = (A, b) with component satisfying assumptions above. Define
the group operation

g291 — (AQ,bQ)(Al,bl) = (AlAQ,bl + A1b2).

The unity in this group is e = (Id, 0). For g € Aff(R?)(R%) holds g~ = (A7, —A~1b). It
is clear that for step mappings we use these definitions are correct. Our aim is to construct
irreducible representations of Aff(R?)(R%). As a rule, only special classes of irreducible
representations can be constructed for infinite-dimensional groups. For various classes of
such groups, special tools were invented; see [7, [10] and references therein.

We will follow an approach by Vershik-Gefand -Graev [13] proposed in the case of the
group of diffeomorphisms. A direct application of this approach meets certain difficulties
related with the absence of the possibility to define the action of the group Aff(R%)(R9)
on a phase space similar to [I3]. A method to overcome this problem is the main technical
step in the present paper. We wold like to mention that a similar approach was already
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used in [9] for the construction of the representation for p-adic infinie dimensional affine
group.

2. INFINITE DIMENSIONAL AFFINE GROUP

In our definitions and studies of vector and matrix valued functions on R? we will
use as basic functional spaces collections of step mappings. It means that each such
mapping is a finite sum of indicator functions with measurable bounded supports with
constant vector/matrix coefficients. Such spaces of functions on R? are rather unusual
in the framework of infinite dimensional groups but we will try to show that their use is
natural for the study of affine groups.

For x € R consider the section G, = {g(x) | g € Aff(R?)(R?)}. It is an affine group
with constant coefficients. Note that for a ball By (0) C R? with the radius N centered
at zero we have g(x) = (1,0),z € B%(0).

Define the action of g on a point z € R? as

ga = g(x)z = A(z) ™" (2 + b(x)).
Denote the orbit O, = {gz|g € G,} € R%. Actually, as a set O, = R? but elements of
this set are parametrized by g € G,. For any element y € O, and h € G, we can define
hy = h(gx) = (hg)x € O,. It means that we have the group G, action on the orbit O,.
It gives

(9192)(x)z = g1(2)(g2(2))
that corresponds to the group multiplication

9291 = (A2,b02)(A1,b1) = (A1 42,01 + A1b2)
considered in the given point x.

Remark 2.1. The situation we have is quite different w.r.t. the standard group of
motions on a phase space. Namely, we have one fized point x € R? and the section group
G, associated with this point. Then we have the motion of x under the action of G,. It
gives the group action on the orbit O, .

We will use the configuration space I'(R?), i.e., the set of all locally finite subsets of
RY,
Each configuration may be identified with the measure

Y(dz) =6,

rEY

which is a positive Radon measure on R%: v € M(R?). We define the vague topology on
I'(R?) as the weakest topology for which all mappings

I'(RY) 3y =< f,vy>€R, feC(RY)

are continuous. The Borel o-algebra for this topology denoted B(T'(R%)).
For v € T'(R?), v = {z} C R? define g7y as a motion of the measure +:

zy

Here we have the group action of Aff(R%)(R?) produced by individual transformations
of points from the configuration. Again, as above, we move a fixed configuration using
previously defined actions of G on x € .

Note that gy is not more a configuration. More precisely, for some By (0) the set
(97)n = gy N B%(0) is a configuration in BS(0) but the finite part of gy may include
multiple points.
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Denote where By (R?) the set of bounded measurable functions with bounded support.
For any f € By(R?)) we have corresponding cylinder function on T'(R%):

L) =< £y >= [ Hantdo) = ¥ fa).

Denote P, the set of all cylinder polynomials generated by such functions. More gener-
ally, consider functions of the form

F(y) =9%(< fi,y >, < faar >), ¥ ET(RY), f; € Bo(RY), 0 € Cy(R™). (2.1

These functions form the set F,(I'(R%)) of all bounded cylinder functions.

For any clopen set A € Op(R?) (also called a finite volume) denote T'(A) the set of all
(with necessity finite) configurations in A. We have as before the vague topology on this
space and the Borel o-algebra B(I'(A)) is generated by functions

[(A) 5y =< f,y>€R
for f € Bo(A). For any A € Oy(R?) and T € B(I'(A)) define a cylinder set
C(T)={y eT(RY) [y =yNA €T}

Such sets form a o-algebra B, (I'(R9)) of cylinder sets for the finite volume A. The set of
bounded functions on I'(R%) measurable w.r.t. Ba(I'(R?)) we denote Ba(T'(R?)). That
is a set of cylinder functions on I'(R?). As a generating family for this set we can use the
functions of the form

F('y) =¢(< Sy > < fasy >)7 v e F(Rd)vfj € BO(A)vdj € Cb(Rn)

For so-called one-particle functions f : R? — R, f € Bo(R?) consider
(9f)(2) = fg(x)x),z € R™.
Then gf € Bo(R%). Thus, we have the group action
Bo(RY) 3 [+ gf € Bo(R?), g€ Aff(R?)
of the infinite dimensional group Aff(R?) in the space of functions By(R?).
Note that due to our definition, we have
<fgy>=<gf,v>

and it is reasonable to define for cylinder functions (1)) the action of the group Aff(R?)
as

Vol ) () = (< gf1,7 >, < gfnyy >
Obviously V, : F,(T(R4)) — F,(T(R?)).
Denote m(dz) the Lebesgue measure on R%. The dual transformation to one-particle
motion is defined via the following relation

9 fg(x)z)m(de) = 9 f(x)g"m(dx)

if exists such measure ¢*m on R%.
Lemma 2.1. For each g € Aff(R?)

g*m{de) = py(w)m{de)
r) € D(RY,Ry). Here as above

where pg = 1pe (0) + 7“2,

Bj(0) = {z € R | [z[, > R}.
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Proof. We have following representations for coefficients of g(x):

= bilp,(2)
k=1

Zalek ) + 1Be (0)(®)

where By are certain balls in R?. Then

x—i—bk
ym(dx) + z)m(dx) =
[t Z )+ [ amia
P d f d )
> [ Sl + / o)
where
Cr = alzl(Bk + bi).
Therefore,

n

g*m = (Z |a'k|plck + 1Bc (0))
k=1

Note that informally we can write
(9*m)(dx) = dm(g™ ).
O

Note that by the duality we have the group action on the Lebesgue measure. Namely,
for f € Bo(R?) and g1, g2 € Aff(R?)

/ (g201) f(2)m(de) = / 91 () (gm) (dz) =

y f(x)(g1g9am)(dx) = » f(2)((9291)"m)(dx).
In particular
(971" (g"m) = m.

Lemma 2.2. Let F € By(T'(R?)) and g € Aff(RY) has the form g(z) = (1, h1g(x)) with
certain h € R and B € Oy(R?) s.t. A C B. Then

VyF € Ba_p(T(RY)).

Proof. Due to the formula for the action Vy F' we need to analyze the support of functions
fi(z + hlp(x)) for supp fcA. If & € B® then € A° and therefore f;(z + hlp(x)) =
fj(z) =0. For z € B we have f;(z+h) and only for x+h € A this value may be nonzero,
ie., suppgf; C A —h.

O

Denote 7,,, the Poisson measure on I'(R?) with the intensity measure m.

Lemma 2.3. For all F € Py or F € Fy(T'(R?)) and g € Aff(RY) holds

/ VyFdmy, = / Fdmgep,.
P(R4) P(R4)
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Proof. 1t is enough to show this equality for exponential functions
F(y)=e<t>, f e DRY).
We have

[ Vaimn = [ e ) =
T(RY) T(RY)

expl [ (€)= )m(@)] = expl | (€ = 1)dlg"m)(a) =

R4

/ Fdmgep,.
I(Rd)

Remark 2.2. For all functions F,G € F(T'(RY)) a similar calculation shows

/ V,F Gdr,, = / F V-1 Gdryep.
r(Re) r(Re)

Let 7, be the Poisson measure on I'(R%) with the intensity measure m. For any
A € Oy(R?) consider the distribution 72 of 7, in I'(A) corresponding the projection
v = va. It is again a Poisson measure 7,,, in I'(A) with the intensity ma which is the
restriction of m on A. Infinite divisibility of 7, gives for F; € By, (I'(R?)),j = 1,2 with
Al n AQ = @

/ Fi(7) Fa(7)dm () = / Fi(7)dm () / Fy(y)dmn(7) =
I(R4) (R4)

I(R4)

/ Fldﬂ'sll / ngﬂﬁf.
(A1) I'(Az2)

Lemma 2.4. For any F € B5(I'(R?) and g = (1,hlp) € Aff(R?) with AN (B +h) =0
holds

[ o) = [ Fe)d )
I'(R4) L(R4)
Proof. Due to our calculations above we have

[ e om) = [ P)drn() -
I(Rd)

I(R)

/ F(n)dr () = / F(n)dngemys (1)-
T(A) T(A)

But we have shown
(g"m)(dx) = (1 + 1 p())m(dz) = m(dz)

for x € A, i.e., (g"m)a = m.

Lemma 2.5. For any Fy, F» € F,(T'(R?)) there exists g € Aff(R?) such that

/ F1 Vszdﬂ'm :/ Fldﬂm/ ngﬂm.
L(R4) I'(R4) I'(R4)
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Proof. By the definition, F; € By, (I'(R?)), j = 1,2 for some A1, Ay € O(RY).
Let us take g = (1, hlp) with the following assumptions:
AoC B, Ain(A2—h)=0, AanN(B+h)=10.

Then accordingly to previous lemmas

/ FlngQdﬂ'm:/ Fldwm/ F2d7Tm.
I(R4) I(R4) I(R4)

3. Aff(R?) AND POISSON MEASURES

For F € P,y or F € F(T'(RY)), we consider the motion of F by g € Aff(R?) given
by the operator V. Operators V, have the group property defined point-wisely: for any
v € T(RY)

(Va(VeE)) () = (Vag F) (7).

This equality is the consequence of our definition of the group action of Aff(R?) on
cylinder functions.

As above, consider 7,,, the Poisson measure on I'(R?) with the intensity measure m.
For the transformation V; the dual object is defined as the measure V,*m,, on T'(R?) given
by the relation

[ wpdnae) = [ FeAVm))
I(R4) I(R4)
where V;?Tm = Tg*m, see Lemma [2.3]

Corollary 3.1. For any g € Aff(R?) the Poisson measure Vg T 15 absolutely continuous
w.r.t. Ty, with the Radon-Nykodim derivative

Ria) = G

€ LY(mm).
Proof. Note that density pg = 1pe () + 7‘2, 7‘2 € D(RY,R,) of g*m w.r.t. m may be

equal zero on some part of R? and, therefore, the equivalence of of considered Poisson
measures is absent. Due to [II], the Radon-Nykodim derivative

o= G

exists if
[ 1oyt = tmido) = [ 1= rb@lm(dr) < .
R4 Br(0) ’
O

Remark 3.1. As in the proof of Proposition 2.2 from we have an explicit formula
for R(g,7):

Rlg.) = [T poaexn( [ (1= pyfa)m(da).
xrey
The point-wise existence of this expression is obvious.
This fact gives us the possibility to apply the Vershik-Gelfand-Graev approach realized
by these authors for the case of diffeomorphism group.
Namely, for F' € Py or F € Py (D(RY) and g € Aff(RY) introduce operators

(UgF)(7) = (R(g™ )2 (VyF) (7).
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Theorem 3.1. Operators U,, g € Aff(R?) are unitary in L*(T(RY),7,,) and give an
irreducible representation of Aff(R?).

Proof. Let us check the isometry property of these operators. We have using Lemmas

23 21
/ U, [2dm,, = / WV F2(3)dr g syem(7) =
T'(R4) '(R4)

[ @R ry o) = [ FO)Pdmn(y).
T(R4) I(R4)

From Lemma [2.3] follows that Uy =Ug-.

We need only to check irreducibility that shall follow from the ergodicity of Poisson
measures [13]. But to this end we need first of all to define the action of the group
Aff(R?) on sets from B(I'(R?). As we pointed out above, we can not define this action
point-wisely. But we can define the action of operators V; on the indicators 14(y) for
A € B(I'(Q)). Namely, for given A we take a sequence of cylinder sets A,,,n € N such
that

Tm(AAA,) — 0,n — oo.
Then
Ugla, = Vyla, (R(g™",-)V? = G(R(g™".)Y? € L (), n — o0
in L?(m,). Each V1,4, is an indicator of a cylinder set and
Vgla, =+ G mp —a.s.,m — 00.

Therefore, G =1 or G = 0 m,,-a.s. We denote this function V;14.

For the proof of the ergodicity of the measure 7, w.r.t. Aff(R?) we need to show the
following fact: for any A € B(T'(R?)) such that Vg € Aff(R?) V,14 = 14 7, — a.s. holds
Tm(A) =0 or mp,(A) = 1.

Fist of all, we will show that for any pair of sets Ay, A2 € B(['(Q)) with m,,(A41) >
0, mTm(Az) > 0 there exists g € Aff(R?) such that

1
/ 14, Vgl a,dmm > =7 (A1) (As2). (3.2)
I(R4) 2

Because any Borel set may be approximated by cylinder sets, it is enough to show this
fact for cylinder sets. But for such sets due to Lemma we can choose g € Aff(RY)
such that

/ 14, Vgl a,dmy, = T (A1) (As).
I'(R4)

Then using an approximation we will have ([3.2]).
To finish the proof of the ergodicity, we consider any A € B(I'(R?) such that

Vg € AF(RY) Vyla =14 7T —a.s., mm(A) > 0.

We will show that then m,,(A) = 1. Assume 7,,,(I'\ 4) > 0. Due to the statement above,
there exists g € Aff(R?) such that

/ 1F\AV91A > 0.
I(R4)

But due to the invariance of 14 it means

/ 1F\A1Ad7rm >0
'(R%)

that is impossible. O
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