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ON THE HAUSDORFF DIMENSION FAITHFULNESS AND THE
CANTOR SERIES EXPANSION

S. ALBEVERIO, GANNA IVANENKO, MYKOLA LEBID, AND GRYGORIY TORBIN

ABsTrRACT. We study families & of coverings which are faithful for the Hausdorff
dimension calculation on a given set E (i. e., special relatively narrow families of
coverings leading to the classical Hausdorff dimension of an arbitrary subset of E) and
which are natural generalizations of comparable net-coverings. They are shown to be
very useful for the determination or estimation of the Hausdorff dimension of sets and
probability measures. We give general necessary and sufficient conditions for a covering
family to be faithful and new techniques for proving faithfulness/non-faithfulness
for the family of cylinders generated by expansions of real numbers. Motivated by
applications in the multifractal analysis of infinite Bernoulli convolutions, we study
in details the Cantor series expansion and prove necessary and sufficient conditions
for the corresponding net-coverings to be faithful. To the best of our knowledge this
is the first known sharp condition of the faithfulness for a class of covering families
containing both faithful and non-faithful ones.

Applying our results, we characterize fine fractal properties of probability measures
with independent digits of the Cantor series expansion and show that a class of faithful
net-coverings essentially wider that the class of comparable ones. We construct, in
particular, rather simple examples of faithful families A of net-coverings which are
"extremely non-comparable" to the Hausdorff measure.

Mu nocnimxyemo cim’i @ mokpuTTiB, sKi € JOBIpUMMU 7151 OOIUCIEHHS PO3MipHOCTI
Xaycnopda-Besuxkopnya Ha neBHiit MHOKuHI F (TO6GTO, crieniajbHi BiIHOCHO By3bKi
ciM’l TOKPUTTIB, IKUX HOCTATHBO [JIsT KOPEKTHOI'O OOYHC/ICHHS KIACHIHOI PO3MIPHOCTI
Xaycnopda-BesukoBuua n0BiabHOT migMHOXKUHEN MHOXKHHU E) 1 ski € npupogHum
y3araJbHEHHSM NOPIBHAHHUX MEPEXKEBUX MOKPUTTIB. B pobori mokazano, mio Taki cim’1
€ Jly2Ke KOPUCHUMH JIjIsi OOYUMCJIEHHS YU OIHKK po3mipHocTi Xaycaopda-bBesnkopuya
MHOXKHH Ta UMOBIPHICHHX Mip.

Hamu orpumano 3arajbHi HeoOXigHI Ta JOCTaTHI yMOBHU JIOBip4YOCTi JJjis ciMeit
MOKPUTTIB Ta 3aIlPONOHOBAHO HOBY TEXHIKY JIOBEJEHHS JIOBIPYOCTI/HEIOBIPUOCTI /11st
cimell MUJIiHAPIB, MOPOPKEHNUX PI3HUMU PO3KJIaIAMU JiicCHUX duces. Marodu 107aTKO-
By MOTHBAIII0 B MyJbTH(PAKTAILHOMY aHaJII3] HecKiHdeHHNX 3ropToK Bepmysuii, mMmu
JeTaJbHO JOCHIamIm po3kyaaaun KaHTopa Ta J1oBen HeoOXigHi Ta JOCTaTHI yMOBH
nosipdocTi BignoBimHux ciMeil MOKpUTTIB MepexkeBuMu nuiingpamu. Hackinpkn mam
BiZIOMO, 11i pe3yJIbTATH € EPIIUMU KPUTEPISIMHU JOBIPYOCT A1 Kiacy cimeil HOKPUTTIB,
10 MICTHTD sIK OOBipdi, Tak i memosipwi cim’l.

3acrocoByoun OTpuUMaHi pe3yJbTATH, MH JOCJHIAUIN TOHKI dpaKTaubHi
BJIACTUBOCTI HMOBIpHICHMX Mip 3 He3aJIe?KHHMH CHMBOJIaMu po3kiaais KanTopa
i mokasaJiu, M0 KJac JOBIPYMX MepPeXXEBUX MOKPUTTIB CyTTEBO IIHpIIE 3a KJac
nopiBHAHHUX. Mu nobyayBasin, 30KpemMa, JOCUTh IPOCTI IMPUKJIAIN AOBIpUYUX CiMeit
A MepexeBUX HOKPHUTTIB, dKi € "eKCcTpeMaibHO HeNOpiBHAHHUMHU'" BIIHOCHO Mipu
Xaycnopda.

1. INTRODUCTION

The notion of the Hausdorff dimension is well-known now and is of great importance
in mathematics as well as in diverse applied problems (see, e.g., [12, 23, 28, 36, 45]).
In many situations the determination (or even estimations) of this dimension for sets

2020 Mathematics Subject Classification. 11K55, 28 A80, 60G30.
Keywords. fractals, Hausdorff dimension, faithful and non-faithful covering families, Cantor series
expansion, comparable net measures, infinite Bernoulli convolutions, singular probability measures.

298


https://doi.org/10.31392/MFAT-npu26_4.2020.01

ON THE HAUSDORFF DIMENSION FAITHFULNESS 299

from a given family or even for a given set is a rather non-trivial problem (see, e. g.,
[1, 8, 13, 17, 23, 32, 37| and references therein). Different approaches and special methods
for the determination of the Hausdorff dimension are collected in [23, 24, 31]. A new
approach based on the theory of transformations preserving the Hausdorff dimension
(DP-transformations) was presented in [7, 9] and has been developed in [4, 26, 27]. In
this paper we develop another approach which is deeply connected with the theory of
DP-transformations as well as with the following well known approach: to simplify the
calculation of the Hausdorff dimension of a given set it is extremely useful to have an
appropriate and a relatively narrow family of admissible coverings which lead to the same
value of the dimension. We shall start to deal with one-dimensional sets and show later
how our results can be naturally extended to the multidiminsional case and to the general
case of metric spaces.

Without loss of generality we shall consider subsets from the unit interval. Let ® be a
fine family of coverings on [0, 1], i.e., a family of subsets of [0, 1] such that for any & > 0
there exists an at most countable € - covering {E;} of [0,1] with E; € ®. Let us shortly
recall that the a-dimensional Hausdorff measure of a set E C [0,1] w. r. t. a given fine
family of coverings @ is defined by

H*(E,®) = lim | inf ¢ |E; = lim HX(E, ®),
- e—

€0 | |Bj|<e

where the infimum is taken over all at most countable e-coverings {E;} of E, E; € ®.

We remark that, generally speaking, H*(E, ®) depends on the family ®. The family
of all subsets of [0,1] and the family of all closed (open) subintervals of [0, 1] give rise
to the same a-dimensional Hausdorff measure, which will be denoted by H*(F). The
nonnegative number

dimy(E, ®) = inf{a: H(E, ®) =0}

is called the Hausdorftf dimension of the set £ C [0,1] w. r. t. a family ®. If ® is the
family of all subsets of [0, 1], or ® coincides with the family of all closed (open) subintervals
of [0,1], then dimpy (E, ®) equals to the classical Hausdorff dimension dimg(E) of the
subset E C [0, 1].

The notion of comparable net measures are also well known now (see, e. g. , [22, 40]).
Roughly speaking, net measures are special cases of H*(E, ®), where the family ® consists
of sets with the following properties: 1) if A; and As belong to ®, then A; C A or
As C Ay or A1) A2 = 0; 2) @ is countable; 3) at most a finite number of sets from &
contain any given set from ®. Then the corresponding net measure H*(E, ®) is said to
be comparable to Hausdorff measure if the ratios of measures are bounded above and
below. It has been shown that comparable net measures are very useful in the study of
Hausdorff measures (see, e.g., [15, 22, 30, 40] and references therein).

In this paper we actually develop theory of measures which are generalizations of
comparable net measures in the following sense.

Definition. A fine covering family ® is said to be faithful family of coverings (non-faithful
family of coverings) for the Hausdorff dimension calculation on [0, 1] if

dimgy (F,®) =dimy (F), VE CI0,1]
(resp. 3E C [0,1] : dimpy (F, ®) # dimy (E)).
It is clear that any family ® of comparable net-coverings (i.e., net-coverings which
generate comparable net-measures) is faithful. Conditions for a fine covering family to be

faithful were studied by many authors (see, e.g., [11, 16, 20, 39] and references therein).
First steps in this direction have been done by A. Besicovitch ([15]), who proved the
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faithfulness for the family of cylinders of binary expansion. His result was extended by P.
Billingsley ([16]) to the family of s-adic cylinders, by M. Pratsiovytyi ([44]) to the family
of @-S-cylinders, and by S. Albeverio and G. Torbin ([11]) to the family of @*-cylinders
for those matrices Q* whose elements poy, p(s—1)x are bounded from zero. Some general
sufficient conditions for the faithfulness of a given family of coverings are also known ([20],
[39]). Let us mentioned here that all these results were obtained by using the standard
approach: if for a given family ® there exist positive constants 8 € R and N* € N such
that for any interval B = (a,b) there exist at most N* sets B; € ® which cover (a,b)
and |B;| < - |B|, then the family ® is faithful. It is clear that all above mentioned
families of net-coverings are even comparable. The faithfulness of underlying families of
basic cylinders plays a crucial role in the studying of fractal properties of non-normal
as well as essentially non-normal numbers in different systems of numerations (see, e.g.,
[1, 4, 5, 6, 38]) and fine fractal properties of singularly continuous probability measures
(see, e.g., [1, 11, 32] and references therein).

It is rather paradoxical that initial examples of non-faithful families of coverings
appeared firstly in two-dimensional case (as a result of active studies of self-affine sets
during the last decade of XX century (see, e.g., [14])). The family of cylinders of the
classical continued fraction expansion can probably be considered as the first (and rather
unexpected) example of non-faithful one-dimensional net-family of coverings ([35]). By
using approach, which has been invented by Yuval Peres to prove non-faithfulness of the
family of continued fraction cylinders ([35]), in [2] authors have proven the non-faithfulness
for the family of cylinders of Q.-expansion with polynomially decreasing elements {g;}.
The latter two families of coverings give examples of non-comparable net measures.

So, it is natural to ask about the existence of faithful covering families which are not
comparable.

We study this problem and give general necessary and sufficient conditions for a fine
covering system to be faithful. The main aim of the paper is to study faithful properties
of the covering families which are generated by the famous Cantor series expansions. Let
us recall that for a given sequence {ny},., with ny € N\{1}, k¥ € N the expression of
x € [0,1] in the following form

o0

ag,
T = E ——————— = Agjasap, a €{0, 1, oy iy — 1}
k71n1~n2o...~nk

is said to be the Cantor series expansion of x. These expansions, which have been initially
studied by G. Cantor in 1869 (see., e.g. [18]), are natural generalizations of the classical
s-adic expansion for reals. Cantor series expansions have been intensively studied from
different points of view during last century (see, e.g., [21, 29, 41, 25] and references
therein). Our own motivations to study faithful properties of such expansions came
from our investigations on fine fractal properties of infinite Bernoulli convolutions, i.e.,
probability distributions of the following random variables

=Y G, (1.1)
k=1

o0

where > ay is a convergent positive series, and & are independent random variables
k=1

taking values 0 and 1 with probabilities pgx and pi; respectively. Measures of this form

have been studied since 1930’s from the pure probabilistic point of view as well as for

their applications in harmonic analysis, dynamical systems and fractal analysis [33]. The

Lebesgue structure and fine fractal properties of the distribution of £ are well studied
(o ]

for the case where ri, := > a; > ay for all large enough k (see, e.g., [10, 19]). The
i=k+1
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case where ar < 1 holds for an infinite number of & can be considered as a «Terra
incognita» in this field. Even for the case where a;, = \* and po, = % the problem of
singularity is still open ([42]). Main problems here are related to the fact that almost all
points from the spectrum of ¢ have uncountably many different expansion in the form
> erag, e € {0,1}. This is the so-called «Bernoulli convolutions with large overlaps».
We consider two special classes of such measures. The first one is generated by sequences
aj, with the following properties: 3 {my} such that r,, > am, = Gmy11 + - + Gnptsps
Sk =M1 —mp —1>2, ke N, r;=ay;, for j ¢ {mg}.

The second one is connected to the sequences ay such that Yk € N 3s, € N[ J{0} :
Gk = Qk4+1 = ... = Qkts, = Tkts,, and s > 0 for an infinite number of indices k. In
both cases singularity plays a generic role and to study fine fractal properties of the
corresponding probability distributions it is necessary to have knowledge on faithfulness
(non-faithfulness) of fine families of partitions which are turned to be the Cantor series
partitions.

Main result of the present paper states that the family A of Cantor coverings of the
unit interval is faithful for the Hausdorff dimension calculation if and only if

In ng

im =0. (1.2)
k—oolnmg -mo ... Np_1
To the best of our knowledge this theorem gives the first necessary and sufficient
condition of the faithfulness for a class of covering families containing both faithful
and non-faithful ones. The proof of this result is given in the next Section. As a
corollary of our results we characterize fine fractal properties of probability measures
with independent digits of the Cantor series expansion and show that a class of faithful
net-coverings essentially wider that the class of comparable net-coverings. We construct,
in particular, simple examples of faithful families A of net-coverings which are "extremely"
non-comparable to the Hausdorff measure.

2. SHARP CONDITIONS FOR THE HAUSDORFF DIMENSION FAITHFULNESS OF
THE CANTOR SERIES EXPANSION

In this Section we give some general conditions for a fine covering family to be faithful
for the Hausdorff dimension calculation and prove necessary and sufficient conditions for
the Cantor series net-coverings to be faithful.

We start firstly with a very useful lemma, which can be proven easily, and, nevertheless,
presents general necessary and sufficient conditions for the faithfulness.

Lemma 2.1. Let ® be a fine covering family on [0,1]. Then ® is faithful on the unit
interval if and only if there exists a positive constant C' such that for any E C [0,1], any
a € (0,1] and any § € (0,a) the following inequality holds:

HY(E,®) < C-H*%(E). (2.3)

Let us mention that this lemma can be obviously generalized to a multidimensional
Fuclidean space and even to any metric space, which can be equipped by fine covering
families.

Based on the latter lemma one can easily get the following sufficient condition for the
faithfulness of a fine covering family.

Lemma 2.2. Let ® be a fine covering family of [0,1]. Assume that there exists a positive
constant C' and a function N(z) : Ry — N such that:
1) for any interval I C [0,1] there exist at most N(|I|) subsets

AL AL o Bl €D
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with
(1
W) < N(I), (AN < 1) and I | ] AL
j=1
2) for any & > 0 there exists €1(0) > 0 such that

N(I)) - I < C, VI C [0,1] with |I| < &1(5).
Then the family ® is faithful on [0, 1].

Let {ny},—, be a sequence with nj, € N\{1}, k € N. Let us recall that the expression
of = in the following form

= Aa Qg0 5 13 ) -1
an R Laz.ag..., o € {0 ng — 1}

k=1
is said to be the Cantor series expansion of a real number z € [0, 1].

For a given sequence {ny},-, let A be the family of the k-th rank intervals (cylinders)

, l.e.,

A :={E:E =AM as...00, % €L, i =1, 2, ..., k}.
Let A be the family of all possible rank intervals, i.e.,

A={E:E=AMAg09..0n, PEN, s €1,n;, i =1, 2, ..., n},

which is said to be the Cantor covering family.
The following theorem gives necessary and sufficient conditions for a Cantor covering
family to be faithful.

Theorem 2.3. The family A of Cantor coverings of the unit interval is faithful for the
Hausdorff dimension calculation if and only if

lim In g =0. (2.4)

k—oo In ny - ng - TNE—1

Proof. Sufficiency. Let (2.4) holds. It is enough to prove that
dimy(E) > dimy(E, ®), VE C [0,1].
Let I be an arbitrary interval. Then there exists an interval A(k(I)) = A
such that:
1) Aal...aku) c I
2) any interval of (k(I) — 1) th rank does not belong to I.

The interval I contains at most 2 - ny(y) intervals from Ag. So I can be covered by
N(|I]) =2 - nyr) + 2 intervals from Ay. Therefore,

eA

Q... QK(1)

AR < [ < N(]) - [ARD)] -
Let C be an arbitrary positive constant. Then the equality
In nk
lim =
k—o00 Zz 1 ln n;
holds if and only if for any positive § there exists kq(0) € N such that Vk > ko(9) :

§
2. 2
(2-nk+2)-( M + ) <C.
ny-Ng - oo " Ngg—1 - Nk

Therefore V6 > 0, Jko(5), Yk > ko(9) :
5
N(I)) - |1 < C.

So, from Lemma 2.2 it follows that A is faithful for the Hausdorff dimension calculation.
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Necessity. Now we show that if

1
Tim L —C >0, (2.5)
k—oo In ny-ng - *NEk—1

then A is non-faithful for the Hausdorfl dimension calculation. To this end we shall
construct a set T'= T'(C) with the following properties:

. 2
1) dimy(T) < m?
4+ C
2)dimpy (T, A) > 1130

From (2.5) it follows that there exists a subsequence {k;} such that V§ € (0,C), INy(9),
Vk; > NQ(CS):

(nl’l’Lg . nki_l)C—é S N, S (n1n2 P nki—l)c+5~ (26)
It is clear that Ve > 0, INy(e) : Vk > Ny(e):
1
<e. (2.7)
ny-nNg ... - Nk—1

Let N3(e, d) := max{Ny(d), Ni(e) }. Let us choose a subsequence {k;} from the sequence
{k;} with the following property:
ln(nk;71+1...nk;_1) C

>1—— (2.8)
1n(n1n2...nk;7171nk;71nk;71+1...nk;,,l) 4’

and construct the set T in the following way:

T:{ac z €10,1), Z aflz) k(x) €0, [y/ne]

if ke{k}}, and ap(z) € 0,np — 1 if k ¢ {k;}}

Firstly let us show that

2
di T) < . 2.9
i (T) < 52 (2.9)
Let k% > Na(e,0). The set T' can be covered by ny -ng-...- Mg 1 intervals and each of

them is a union of [ /nk;] + 1 sets from .Ak}. The a-volume of this e-covering is equal to

L]

ning ... nk;

(03

nins... nk;,l

From (2.6) it follows that

«

@ <2%ming...

NiNg...Nys
J

1-3a(C—68)—a
)

ning ... Mg —1 nk;—l)

Suppose
1
1—§a(C’—§)—a<0,

then
1
HX(T) < lim 20‘(nlng...nk},1)1_50‘(0_6)_a =0.

j—o0
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Therefore,
HX(T)=0 Va>; Ve >0, V6 >0
SV C—-6+2 ’ '
So,
i T< ————
dimg T < 0 532 Vo > 0,
and, hence,
dimy T < )
S =00
Now let us show that 440
+
di T > )
mu (T, A) 2 7955

Let
{K]} = {kj} [ [{Na(e,6) + 1, Na(e,6) +2, ...}
Let p1 = fin,(e,5) be the probability measure corresponding to the random variable

oo

I
k=1 1li=1 "%
where &, are independent random variables; if k € {k}}, then &, takes values 0, 1, ..., [\/n]
with probabilities [\/%]H; ifk ¢ {k;/}7 then & takes values 0, 1, ..., ny — 1 with proba-
bilities L.
Then
A !
(Aol = n1Ng...Nk
for any Ay a,...0p from Ag, and
1
#lBerio o) P1P2.-- Pk

where ¢, = ny if t ¢ {k]} and ¢, = [\/ng] +1if t € {k]}, Vt € N.
Let us show that

(p(Aaas.ar) o 4+C =20
hl(IAOthz-..Ozkl) o 4+30+4(57
Taking into account properties of {k}'}, one can prove by induction on j that

Vk € N. (2.10)

In (1p2..017 ) _A+C-2

] . 2.11
2 i13c 12 JEN (2.11)

In (nlngng...nkn)
J

Let k € (K/,k",). Then

In (,u (Aalazu.ak;/)) . 44C—-26

In (,UJ (Aal(IQ(th)) >
) T 4+43C+45°

> Vk € N.
1H(|Aa1a2...ak|) In (‘Aalazmak//

Let {A}} be an arbitrary e - covering of T, Al € A, Vi € N. Then, using (2.11) we get
4+C—-26 < In(u(AL))

1
1130145 = (A ©

which implies that

’ ’ 44+C—26
plA)) < A
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Let o € [0, ££55-2%). Then we have

L= u(T) < Jn(a) < 37 IAlFHFS < 37 jaye.

So, V6 > 0, Ve > 0, a € [0, %), and for any ¢ - covering {A’} of the set T by
cylinders A} € A we have :

dolAt >

K2

Therefore,
4+C—20
HX(T >1 —_—).
T, A)>1, ¥6>0, Ve >0, ae[0,4+30+45)
So,
4+C—-26
H(T >1 ) M _
(T,A) >1, V§>0, a<4+30+46
Hence,
4+C—-29
di T >———— V6> 0
i (TA) 2 e 0> 0
and, therefore,
44+ C
di T >
lmH( aA)_ 1+ 3C°
which completes the proof. O

3. SOME APPLICATIONS

First application of this theorem will be connected with fine fractal properties of
random Cantor expansions. Let us recall (see, e.g., [43]) that for a given probability
measure p the number

dimgy p = inf{dimy (F) : p(F)=1}

is said to be the Hausdorff dimension of the measure u. In the case of singularity this
number is a rather important characteristic of a probability measure (see, e.g., [11]).
Applying the latter theorem and methods from [11], we get the Hausdorff dimension of
the probability distribution p¢ of the random variable £ with independent digits of the

Cantor series expansion, i.e.,
o0
=y 3
- )
oy 2. Nk

where independent & take values 0,1,...,n, — 1 with probabilities pox, pik, --s Pny—1,k
respectively.

nr—1 k

Proposition 3.1. Let h; = — 2:0 pijInp;; and Hy = Zl hj. If
i= j=
i % ’ < 00 (3.12)
Pt In (nyng...nk) ’ '

then the Hausdorff dimension of the probability distribution ue of the random variable §
with independent digits of the Cantor series expansion is equal to

Hy,
dim = lim ———.
() Tsoo In (nyng...ny)
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Now let us consider examples which show essential differences between the notions of
faithful net-coverings and comparable net-coverings.

Example 1. Let n, = 4%, Vk € N and let A be the net-covering family generated by
the corresponding Cantor series expansion. Let

A= {x z€0,1], Z “W‘f (z) € {0,1,...,2F — 1}, VkeN}.
Then

)dlmHA %5

)HQ(A.A)>

3) H3(A) = 0.

Proof. Let A be Lebesgue measure on the unit interval and let pg be the probability
measure of the random variable

k=1 1= 1
where & are independent random variables takmg values 0, 1, ..., 2¥ —1 with probabilities
2%. Let A, (x) be the n-th rank cylinder of the Cantor series expansion containing . It
is clear that for any € A one has

pe(Bn(e)) = 275

and (A, (z)) = 4~
So,
In e (An(2)) 1
——— = =— VzeA 3.13
mAAL(2) 20 (3:13)
Using the Theorem 2.5 from [16], we get dimy(A4,.A) = %. From our theorem one
can obviously derive the faithfulness of the family A for the case nj = 4*. Therefore
Let {E;} be an arbitrary e-covering of the set A by cylinders from A. Without loss of
generality we may assume that E; N A # 0, ie., E; = A, (x) for some 2 € A. Applying
the mass distributional principle, we have

L= p(A) = nJBy) < 3 m(E) =3 15[

for any e-covering of A by cylinders from A. Therefore, H2 (A,A) > 1.
The set A can be covered by 2! -22.....2¥=1. 1 intervals (each of them is a union
of 2% k-th rank cylinders) with length 2%, The %—Volume of this covering is equal to

o5 (2*’“2) : , which tends to 0 as k — co. Therefore, Hz(A) = 0. u

The following example shows that a faithful net-covering family can be "extremely
non-comparable" to the Hausdorff measure.

Example 2. Let n, = 4% and let A be the net-covering family generated by the
corresponding Cantor series expansion. Let

T = {1::3:6 [0, 1], a::z oz:(xi with ag(z) € 0, /n, — 1 if k # 2°,

k=1 =1

ap(x) €0,k - /n — 1 if k= 2%, sEN}.

Then the family A is faithful for the Hausdorff dimension calculation and
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1) dimy T = 3;
2) Hz(T, A) = +o0;
3) H2(T) = 0.

Proof. Let ¢ be the probability measure with respect to the random variable

— &
§=> = —
k=1 Lli=1 T4
where £ are independent random variables with following distributions:

if k # 2%, then & takes values 0, 1, ..., 2¥ — 1 with probabilities 2%;

if k = 2%, then & takes values 0, 1, ..., k- 2% — 1 with probabilities k‘12’€'

Let A, (z) be the n-th rank cylinder of the Cantor series expansion containing x. From
the construction of ¢ it follows that for any = € T one has

_(n(n+1) | (logy n]+1)[logy n] n
Mﬁ(An(zT)) =92 ( 1) | (lloga nl+D(log ) and A(A,(x)) = 4—%.
So,
L e (An(z)) 1
lim ——r =" = o, Vo e T. 3.14
w5 ImA(An(@) 270 € (3.14)

Using Theorem 2.5 from [16] and the faithfulness of A we get

For a given m € N let us consider 2™ probability measures p/, j = 0,2™ — 1 corre-
sponding to the random variables

¢ = i kﬁi )
i ey 4

whose independent digits Ei have the following distributions:
if k # 2°, then ] takes values 0, 1, ..., 2% — 1 with probabilities 5r;
if k=2°, 5 #m, then &, takes values 0, 1, ..., k-2" — 1 with probabilities r;
X if k=2™, then & takes values j-28+0, j-2"+1, ..., (j+1)-2% — 1 with probabilities
3% ,
Let S; be the spectrum of the measure ;7. From the construction of these measures

and the definition of the set T" it follows that S;(.S; =0 and T = Uf:l S;. Taking into

account inequality % > %, Vz € S;, and applying the mass distribution principle

simultaneously for all measures m?, we get Hz (T, A) > 2™. Since m € N can be chosen
arbitrarily, we have a desired conclusion about infiniteness of Hz (T, A).

On the other hand the set 7' can be covered by 2! -22.....22"~1.21.92  9s-1.] —
g e intervals, each of them is a union of 2°22° cylinders from Ay with length
25(25—-1) 5028 2s _
(i) . 2423 = (%)2 ®. The %—Volume of this covering is equal to
o_1y29 1
R (2*2%*5) =273 0, (s 00).
Therefore, H=(T) = 0. O

By using the same techniques it is not hard to prove the following result.

Proposition 3.2. Let ny = 4% and let A be the corresponding faithful net-covering family
generated by the Cantor series expansion. Then for any a € (0,1) there exists a set T,
such that
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1) dimy T, = o
2) H*(Ty, A) = +00;
3) H*(T,) = 0.

Proof. If a = % € (0,1) is a rational number, then the proof is completely similar to
those in example 2, but in the definition of the set Vj of digits which are admissible at

P
q

the k-th step of construction of T, we define V}, to be {0,1, ..., [(nk) } — 1} instead of

{0,1,..., [(nk)%} — 1} for k # 2°, and V, = {0,1, ...,k - [(nk)%} — 1} for k = 2°, where [-]
denotes the integer part of an argument.

If a is an irrational number from (0,1), then we choose an increasing sequence {2}
of rational numbers converging to « and apply the same technics with the following

definition of the set V4, := {0, 1, ..., [(nk)%} —1}. O

Remark 3.3. The sequence n; has been chosen to be {4¥} only for the simplicity of
calculations in the above examples. In the forthcoming paper we shall show how the
latter statement can be generalized and give necessary and sufficient conditions for the
Cantor net-coverings to be comparable.

Remark 3.4. The latter proposition shows extreme differences between comparable
and faithful net-coverings and demonstrates that the class of faithful net-coverings is
essentially wider then the class of comparable ones. The relation between these two
classes is similar to the relation between bi-Lipshitz transformations and transformations
preserving the Hausdorff dimension (see, e.g., [7, 9] for details). More deep connections
between faithfulness of net-coverings and the theory of transformations preserving the
Hausdorff dimension will also be discussed in the forthcoming paper.
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