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MARKOV DYNAMICS ON THE CONE
OF DISCRETE RADON MEASURES

DMITRI FINKELSHTEIN, YURI KONDRATIEV, AND PETER KUCHLING

ABsTrRACT. We start with a brief overview of the known facts about the spaces of
discrete Radon measures those may be considered as generalizations of configuration
spaces. Then we study three Markov dynamics on the spaces of discrete Radon
measures: analogues of the contact model, of the Bolker—Dieckmann—Law—Pacala
model, and of the Glauber-type dynamics. We show how the results obtained
previously for the configuration spaces can be modified for the case of the spaces of
discrete Radon measures.

CraTTsi PO3NOYNHAETHCA 3 KOPOTKOIO OIVISAY BimoMuX (pakTiB PO IIpOCTOpH
auckperHux Mip Pajona, sfKi MOXKYTh PO3IVISJATHCH sK y3araJilbHEeHHsI IIPOCTOPIB
roHirypariii. lasi po3risamamoTbes Tpu MapKiBChbKi AUHAMIKE Ha IIPOCTOPAX JUCKPET-
aux Mip Pajona: amasoru mojesi konrakTiB Ta moneni Bonkepa—/likmana—Jloy—
[Taxkanu Ta anasior nuHamiku tumy [mayGepa. Ilokazano sk pe3ysnbraTu, OTpUMaHi
I IPOCTOPiB KOHDIryparif, MoKy Tb OyTH y3arajbHEHi JJisi BUNAJIKHA IIPOCTOPIB
JucKpeTHuX Mip Panona.

1. INTRODUCTION

Configuration spaces form an important and actively developing area in the infinite
dimensional analysis. The spaces not only contain rich mathematical structures which
require non-trivial combination of continuous and combinatoric analysis, they also provide
a natural mathematical framework for the applications to mathematical physics, biology,
ecology, and beyond.

Spaces of discrete Radon measures (DRM) may be considered as generalizations of
configuration spaces. Main peculiarity of a DRM is that its support is typically not a
configuration (i.e. not a locally finite set). The latter changes drastically the techniques
for the study of the spaces of DRM.

Spaces of DRM have various motivations coming from mathematics and applications.
In particular, random DRM appear in the context of the Skorokhod theorem [17] in the
theory of processes with independent increments. Next, in the representation theory
of current groups, the role of measures on spaces of DRM was clarified in fundamental
works by Gelfand, Graev, and Vershik; see [15] for the development of this approach.
Additionally, DRM gives a us7eful technical equipment in the study of several models in
mathematical physics, biology, and ecology.

In the present paper, we start with a brief overview of the known facts about the
spaces of DRM (Section 2). In [10], the concept of Plato subspaces of the spaces of
marked configurations was introduced. Using this, one can define topological, differential
and functional structures on spaces of DRM, as well as transfer the harmonic analysis
considered in [11] to the spaces of DRM. This allows us to extend the study of non-
equilibrium dynamics, see e.g. [8,12,13], to the spaces of DRM.

Namely, we consider three dynamics on the spaces of DRM: an analogue of the contact
model (Section 3), where we generalise some results obtained in [13] and provide new
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two-sides estimates for the correlation functions; and analogues of the Bolker—Dieckmann—
Law-Pacala model (Section 4) and Glauber-type dynamics (Section 5) where we show
how the results obtained previously for the configuration spaces (see e.g. [8]) can be
modified for the case of the spaces of DRM.

2. FRAMEWORK

Cone of discrete Radon measures. Let X be a locally compact Polish space, and let
B.(X) denote the family of all Borel sets from X with a compact closure. The cone of
nonnegative discrete Radon measures on X is defined as follows:

K(X) := {77: ZSiéwi € M(X) ’ s; € (0,00),z; € X}.

By convention, the zero measure 77 = 0 is included in K(X). The support of an n € K(X)
is given by

() = {zr € X : 0 <n({z}) = s.(n)},
and 7(0) := 0. If n is fixed and x € 7(n), we write s, := s,(n). Therefore,

M) = Y sp<oo,  A€B.(X), neK(X).
zeT(N)NA

We stress that, in general, the number of points |7(n)| in the support of a measure
1 € K(X) may be infnite. Let henceforce | - | denote the number of elements of a set.

For n,& € K(X) we write £ C 5 if 7(§) C 7(n) and s,(§) = s,(n) for all x € 7(£).
If, additionally, |7(£)] < oo, we write & € 7.

We fix the vague topology on M(X), which is the coarsest topology such that the
mappings

ne (fn) =Y saf(@).
zeT(n)

are continuous for all continuous functions f : X — R with compact support. We endow
K(X) with the corresponding subspace topology, and also let B(K(X)) denote the
corresponding Borel o-algebra.

Configuration spaces. Let Y be a locally compact Polish space. The space of locally
finite configurations over Y is defined as follows:

I(Y)={yCY:|yNA|< oo for all compact A CY}.

Then T'(Y) is naturally embedded into the space of Radon measures I'(Y) € M(Y'); we
endow it with the vague topology defined on M(Y"). Let B(I'(Y)) be the corresponding
Borel o-algebra.

We denote R := (0,00) and consider Y = R} x X. Let I';(R} x X) Cc T'(R% x X)
denote the set of all pinpointing configurations; the latter means that v € I'y(R% x X) iff
(s1,2),(s2,2) € v for an x € X implies s1 = so.

For a pinpointing configuration v € I',(Y'), we introduce the local mass of a pre-compact
set A € B.(X):

~v(A) :/ sla(z) dy(s,x) = Z sla(z) € [0, ).
R% xX (s,2)E
Finally, we define the space of pinpointing configurations with finite local mass:
I(RY x X) := {7y € Tp(R} x X) :v(A) < oo for all A € B.(X)}.

We endow II(R% x X') with the subspace topology coming from I'(R% x X), and one can
consider the corresponding (trace) Borel o-algebra.
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The mapping R : II(R% x X) — K(X) given by
v = Z O(s,a) — Ry = Z 50, (2.1)

(s,x)ey (s,x)ey
provides a natural bijection. It can be shown that both R and R~! are measurable with
respect to the Borel o-algebras constructed above, i.e. B(II(R} x X)) and B(K(X)) are
o-isomorphic, see [9].

Discrete measures with finite support. We consider the subcone of all discrete
nonnegative Radon measures with finite support:

Ko(X) := {n € K(X) : [r(n)| < o0} = | | K§(X),
n=0

where
K (X) = {neKo(X) : |[r(n)| =n}, neN; K (X):={o}.

The mapping R, given by (2.1), provides provides a bijection between Ky(X) and the
set T'o,p (R x X) of pinpointing finite configurations on R* x X. We define the Borel
o-algebra on Ko(X) as the smallest o-algebra which makes this mapping R measurable.

Any measurable function G : Ko(X) — R can be identified with the sequence of
symmetric functions on (R% x X)", n € N, through the equalities:

n n
G (51,81, .., Sn,Tp) = G(Z 3i5x1,), 2315% c K(()H)(X)7 n € N.
i=1 i=1

We set also G(9) := G(0) € R.
A set A C Ko(X) is called bounded if there exist A € B.(X), N € N, and a segment
I :=[a,b] C RY such that, for all n € A,

T(n) C A, |7(n)] < N, sy € I for all x € 7(n).

The family of all bounded measurable subsets of Ky(X) is denoted by By,(Ko(X)). A
measure p on Ko(X) is called locally finite if p(A) < oo for all A € By (Ko(X)).

An example of a locally finite measure on Ky (X) is the Lebesgue—Poisson measure
Avgo With the intensity measure v ® o, where v and o are non-atomic Radon measures
on R} and X, respectively, and v has a finite first moment:

/ sv(ds) < oo.
Ry

The Lebesgue—Poisson measure A, g, is then defined through the equality

Ko (X)
— 1
+ E — G (s1,21,..., 80, xn)v(ds1) ... v(ds,)o(dey) ... o(dz,),
n! * d\n
n=1 ( PxR )

which should hold for any G : Ko(X) — R;.
We also consider a special case of the measure v = vy, where

vp(ds) = Qe_sds (2.2)
s

for some 6 > 0. For a fixed non-atomic Radon measure ¢ on X, we then denote

)\9 = )\,,9®g.
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A function G : Ko(X) — R is said to be a bounded function with bounded support if
|G(n)] < Cla(n), n € Ko(X), for some C >0, A € By,(Ko(X)). The set of all bounded
functions on K (X) with bounded support is denoted by Byps(Ko(X)). Clearly, for any
locally finite measure p on Kq(X),

/K Gl <00, e Bu(o())

Note that Bys(Ko(X)) is dense in L' (Ko (X), A\ go ), where v and o are as above.
We will need the following identity.

Lemma 2.1 (Minlos lemma). Let A\, g, be defined as the above.
(1) Let G : Ko(X) = R, H : (Ko(X))? — R. Then

/ / (& + E2)H(Er, €)M (d61) oo (d2)
Ko (X) JKo(X)

= /KD(X) G(n) Z H(f? n— 5))\V®U(dn)'

£Cn

(2) Let H : Ko(X) x R} x R = R. Then

/ Z H(n, sz, %) \vgo(dn)
Ko(X) zeT(n)

= / / H(n+ sz, s,x)v(ds)o(dx) Avge(dn), ,
KO(X) 1XRd

provided, at least one side of the equality exists.
Harmonic analysis on the cone. For any G € Bys(Ko (X)), we define KG : K(X) - R
by (cf. [11])
(KG)(n) ==Y _ G(9). (2.3)
£€n

Proposition 2.2 (see [6,16]). For any G € Bys(Ko(X)), there exist C > 0, A € B.(X),
N €N, and a segment I = [a,b] C R% such that, for each n € K(X),

(K&)m) = (KG) (Y Lils)sa ),

zeT(N)NA
(KG)(m)| < (1 +|r(m) nA)™.

Note that (2.3) can be also defined pointwise on a wider class of functions (see [6,16]
for details). In particular, for the Lebesgue-Poisson exponents

ex(f.n) =[] fspow), neKo(X),  ex(f,0):=1,
yeT(n)

one has that

Kex(f,m)= ] 0+ fs.9),  neKX),

yeT(n)

provided that e.g. |f(s,y)| < Cs1x(y) for (s,y) € R} x X, where C > 0, A € B.(X).
Note also that, for any f € L'(R% x X, dvdo),

/ ex(fsmAvgo (di) = exp < / f(s, x)v(ds)a(dfc)> : (24)
Ko(X) RY x X
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For measurable G1,Gs : Ko(X) — R, we define their x-convolution as follows:

(G1*G2)(n) = Z Gi1(& + &)G2(& + &3).
§1+82+E3=mn:
7(&:)N7(€;)=0

Then, for any G1,Gs € Bps(Ko(X)),
K(G1 *Gg) = KGl . KG2
Let 1 be a probability measure on the space (K(X), B(K(X))) such that

/ In(A)N () < oo
K(X)

for any A € B.(X) and N € N. Then p is said to have finite local moments of all orders.
The space of all such measures is denoted by M} (K(X)). In particular,

K(Bps(Ko(X))) € LNK(X), 1), p € M (K(X)).

The corresponding correlation measure p, on (Ko(X), B(Ko(X))) is then defined by the
relation

pul(A) = / (KL (mp(dn), A € By(Ko(X)).
K(X)

Proposition 2.3 (see [6,16]). Let u € M} (K(X)). Then
(1) The corresponding correlation measure p, is locally finite.

(2) For any G € LY (Ko(X), pn), the sum in (2.3) converges p-almost surely, and
(3) KG € LY(K(X), u) with

/ KG(nu(dn) = / G(n)pu(dn), (2.5)
K(X) Ko (X)
IKGlL1w) < 1GllLip,)-

Let v,0 be as above. Consider the Poisson measure 7,5, on I'(R% x X)) with the
intensity measure v ® o on R% x X, then m,g,(IL(RY x X)) =1 (see [6,16] for details).
Hence, we may view m,g, as a probability measure on II(R* x X), and consider the
corresponding push-forward measure on K(X) under the mapping R. This measure
belongs to M} (K(X)), and the corresponding correlation measure is just A\,go-

In the special case v = vy given through (2.2), § > 0, the corresponding push-forward
measure on K(X) is called the Gamma measure Gy with the intensity 6 > 0.

Let pn € Mj, (K(X)) and p, be the corresponding correlation measure. A function
k. 1 Ko(X) — Ris called the correlation function of g if it is the density of the correlation
measure with respect to the Lebesgue-Poisson measure A\, g, i.e. if

p(dn) = k() Aveo (dn).
For sufficient conditions for the existence of the correlation function, see [6,16].

Statistical dynamics. We are going to describe evolutions of measures pg — p; in the
space M} (K(X)) through a (formal) Markov generator L. We assume that L is defined
on a linear set D C K (Bys(Ko(X))) such that LF € L' (K(X), ut), t > 0, for all F € D.
Then we define the evolution of measures through the equality

d
7 /K » F(n)pe(dn) = /K (X)(LF)(n)Mt(dn)’ (2.6)

for all t > 0, F € D (recall that, by Proposition 2.3, F € L'(K(X), y;) for t > 0).
Rewriting F' = KG, G € Bps(Ko(X)), and defining LG through the identity

KLG = LKG, G € Bys(Ko(X)),
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one can rewrite (2.6), by using(2.5), as follows:
d
dt Ko(X)
for all t > 0, G € Bps(Ko(X)). Here

~

G (1) (dn) = /K o E o) (2.7)

LG =K 'LKG, G € Bp(Ko(X)),

where
(K'F)(n) =Y ()" @IRE),  pe Ko(X).
£Cn

We will restrict our attention to the dynamics of correlation measures which have
correlation functions: p,, (dn) = ki(n)dAvee (1), assuming ko be given. Then (2.7) can be
rewritten as follows:

4
dt Ko(X)

for all t > 0, G € Bys(Ko(X)).
Let L® denote the dual operator to L, i.e.

Gke(m) Ao () = /K o EO@Em Dot (2.8)

/ (LG) () k(n) v () = / G)LAR) () Ao () (2.9)
Ko (X) Ko (X)

for all G,k : Ko(X) — R, such that both sides of the latter equality are finite. Then one
can rewrite (2.8) as follows
d

G commanen = [ cnEARminem (210
Ko (X) Ko(X)

for all t > 0, G € Bps(Ko(X)). The latter weak-type equation defines hence the evolution
of the correlation functions generated by the Markov operator L. We can consider also
its strong form:

0
akt(n) = L%ki(n), t>0. (2.11)

considered on a suitable class of correlation functions.

3. CONTACT MODEL

Let v and o be non-atomic Radon measures on R%} and X, respectively. We define

(LE)(n) = Y m(s:)[F(n— s5.0.) — F(n)]

zeT(n)

+ / 450, 5)a(x — ) [F (1 + 58,) — F(n)]p(ds)o(dy)
zeT(n) RYxX

for F' € K(Bps(Ko(X))), cf. [13]. Here a : X — [0,00), m : R — [0,00), ¢ : R} x R} —
[0,00) are such that

a(—x) =a(r), =€X, a€ LY(X,do)NL>(X,do),  me L>R},dv),

3.12
g € L®(RY x R, dvdv), /q(s’7 Jr(ds") € L®(RY, dv). (3.12)
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Proposition 3.1. For any G € Bys(Ko(X)), LG := K~'LKG satisfies

(L&) == > mls.)G(n) (3.13)
z€T(n)
+ I;ﬁ) /]R* o q(5z,8)a(x — y)[G(n — 550, + s0,) + G(n + s0,)|v(ds)o(dy).

Proof. Firstly, we note that, for any G € Bps(Ko(X)) and F := KG,

F(U - 5335:8) - F(U) = _K(G( + 5:6596))(77 - 5:6596)

Then
Z Sz [F(U - Swéﬂﬂ) - F(ﬂ)} = - Z smK(G( + 5:1:51))(77 - 5:1:51)
zeT(n) z€T(n)
== > s Y. GlE+sd)=-Y_ Y G
zeT(n) EEN—Sz6s EEnxzeT(E)
and

Z / 52, 8)a( — 1) [F (0 + 58,) — F(m)]v(ds)o(dy)
€7(n)

> / s Shale — y)K(G(-+ 50,)) (n)v(ds)o(dy)

zE€T(n)

-y ¥ / dlser s)ale — 9)G(E + 30, )v(ds)o(dy)
zeT(n) EEN

=> > . XCI(SQ:,S)CL(ZU—y)G(§+35y)l/(ds)a(dy)

zET(N) EEN—5504

+ Z Z /R - q(sz, s)a(z — y)G(§ + s504 + so,)v(ds)o(dy)

z€T(N) EEN—540x

/ q(sz, s)a(z — y)G(§ — $40, + s6y)v(ds)o(dy)
R xX

£Cn zeT(§)

+ Z Z / q(5z,8 —y)G(& + sd,)v(ds)o(dy),

fenzer(€
that proves the statement. O
Let, for fixed v and o,
X, = L® (R x X)",(v®@0)®"), n € N.

Let || - ||,» denote the norm in X,.
Let Loo(Ko(X)) denote the set of all functions k : Ko(X) — R such that k(") € X, for
each n € N. Note that, for all G € By,s(Ko(X)) and k € Lo (Ko(X)),

/ Gk A (dn) < o0
Ko(X)
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Proposition 3.2. For any k € Lo.(Ko(X)), the mapping

(LK) () == D mlsn)k(n)

zeT(n)

—y)k(n — 5,0 0z )v(ds)o(d
+y§m /  0oes0)ale R = sy 582y ds)ode)
+ Y > qlsarsy)alz — y)k(n — s,6,)
yer(n) zer(n)\{y}
is well-defined and, for any G € Bys(Ko(X)),
/ G LA R) ) Ao (dn) = / (L) (M) Aveo(dn).
Ko (X) Ko (X)

Proof. The result is a straightforward application of the Minlos lemma. O

Theorem 3.3. Let (3.12) hold. We define, for s > 0,
k(s) ¢=/ a(x)o(dz) / q(s', s)v(ds'), r(s) = r(s) —m(s),
b's R
and set

R :=esssupr(s) € R.
s>0

Let 0 < kg € ,COO(K()(X))
(1) There exists a unique pointwise solution to the initial value problem (2.11);
moreover, 0 < k; € L (Ko(X)).
(2) Suppose that, for some C > 0,
k. < C™nl,  neN.
Then, for allt >0, n €N
eB(C + t)"n! if R <0,

1™ | <
e B(C +t)"n! if R > 0.

(3) Denote pi = ||m| g ® av). Suppose that there evists B C R x X such that
o : = min{ essinf £V s, ), essinf $1,82)a(ry — }>O;
{(s,z)EB 0 ( ) (sl,zl),(sz,wz)EBq( ! 2) ( ! 2)
B:=a - (v®o)(B) < pu.
n—1
= > % forn>2; T, :=0; (" := (s1,2Z1,--+,Sn,Zn). Then
j=1

™M (@MY > qreB-mninl for 30 € Bt > T,

Denote also T, :

Proof. 1) Consider a convolution-type operator on X,,, n € N: for 1 <4 <n,
(Aik("))(sl, T1yeneySpyTp) i= / q(s, s;)a(x — xi)kl(")(s, x)v(ds)o(dx),
R* X X

where
k‘gn)(s, 2) =k (81,20, ., Si1, i1, 8, T, Sit1s Tigls - - - » Sy Tn)- (3.14)
We define, for k™ € X,, n € N, 1 <i <n, 2 := (s1,21,...,5n,Tn)
(BK)E) = m(sgk M @), (CAD)E) = w5k GE),

(Vik) (@MY i= r(s) k™ (@™).
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Then M; := A; — C; is the jump generator w.r.t. the i-th variable, i.e., for fixed s;, z;,
1<j<n, j#i,

(Mikgn))(si, i) = / q(s, s;)a(x — xi)(kgn)(s, x) — kgn)(si, xi))y(ds)a(dz),
RY xX

where k:gn) is given through (3.14).
We set also

A = En:Ai; B .= zn:Bi; v .= zn:Vi; MM = zn:Ml
i=1 i=1 i=1 i=1

Finally, we consider mappings from X,,_; to X,,, n > 2:

(Wik(nil))(sla L1y-w-ySn, wn) = (Z Q(Sja si)a(xj - xl))
JFi
X KT (81,20, oy 861y L1y Sit 1y Tig 1y -+« Sy Tn)

for 1 <i<n, and

W =3"w;,  n>2.
i=1
We set also Wy ;= WO .= 0.

It is straightforward to see that, under assumptions (3.12), operators A;, B;, Vi, M;,
and hence A, B(™ V() M) are bounded linear operators on X,,; and also W; and
W (") are linear bounded operators from X,,_; to X,,.

The initial value problem (2.11) can be hence rewritten as follows

%k@ = AE™ _ pouEm 4y ) gn=1)
= Mg Ly gD, neN
ké") cX,.

Since W(l)kt(o) = 0 and all operators are bounded, the latter system can be solved
recursively:

) = et(]V[(")+V("))k[()n)(

(n)
kt (slaxlv"'vsnaxn 517m17~~'73n7xn)

t
—|—/ e(t_T)(M(")’LV(”))(W(7L)k$"_1))(81,xl,...,sn,xn)dﬂ'. (3.15)
0

Let X, denote the cone of all non-negative (a.e.) functions in X, n € N. By the
Trotter—Lie formula for bounded operators,
etM™ — lim (e%A(n)e*%C(n))m.
m—0o0

By the very definition, A : X — Xt hence,

et :
A =% ﬁ(A(”))J P N )
j=0""

Next, e—tC™ g just a multiplication operator by a non-negative function, hence, it
preserves X as well. As a result, et : X+ — X+ Using again the Trotter—Lie
formula for

)y () . L) tymym
MV — lim (em ™M™ em VY™, (3.16)

m—o0
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we conclude by the same arguments that it also preserves X;}. Since W) : X+ | — X+,
we get recursively from (3.15) that k(()") € XF, n €N, implies kﬁ”) eX ,neN,t>0.

n
2) Since M(™1 = 0, we have that MM = 1. Since etM™ preserves XT, we

n

have, for any f, € X, which hence satisfies the inequality 0 < f, < ||fulln, that

n o

(n) (n)
0< etM fn < etM an”n = ||annv and thus

(n)

€ niln > nllns n n

1 Falln < 1l fo€ XS
Since eV is a multiplication operator,

”etV(")H — etesssup v () < etnR-
Therefore, by (3.16),

() 4y ()

e D fulln < € fullns S € X

Then, by (3.15),
t
Hkt(n)”n SetnRHkén)Hn‘f’/o e(t_"')"RHW(")k_(r"_l)||nd7'

t
< etnRHkén)Hn + n(n _ 1)/ e(t_T)nRHkS_n_l)”n—ldT'
0

For n =1, it reads as
Ik < ek ) < Cett < (C o)t

For n > 2, consider two cases separately.
Let R < 0. Then, assuming that

KDy < R4 - 1), 720,

and using the inequality e*=7"F < (=7 7+ < [0,4], R < 0, we get
t
||k:t(n) |l < ol + nl(n — 1)/ e(t_T)”ReTR(C +7)" dr
0

t
<efempl £ nl(n—1) / e(t*T)ReTR(C’ + )" ldr
0

t
= 'BCmnl + nl(n — 1)etR/ (C+ )" tdr
0

n(C 4" —C

=e'Cmnl + nl(n — 1) < (C +t)"nlet.

n
Let now R > 0. Then, assuming that
KD gy < T DERC ) n-1), 7 >0,

we get

t
Hk,gn)”n < etnRCmn! + n|(n _ I)anl/ e(tfr)nRe‘r(nfl)R(C« + T)nildT
0

t
= e BCmnl + e Enl(n — 1)/ e THC+ )" ldr
0

(C+tm—cCn
n

< eMBCmn) 4 e"Bpl(n — 1) < (C+t)mem B,
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3) We rewrite (3.15) in the form

(n) _g(n) n
— Gt(A B )k(() )(

(n)
kt (Slaxla"'vsnazn) Slazla"'vsnazn)
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t
+/ =AM =B (=) (g) 2 s a)dr. (3.17)
0

By the Trotter—Lie formula,

(n)_pgm . & oA(m) _t gn)\m
AT =BT = lim (emA e~ mbB ) .
m—r 00

For any f, € X+, n € N, 20" := (sy,21,...,8n,2,), We get, using the notation (3.14),

(AW f)E) =Y / | als.sa(e - a0 fuls, 2)v(ds)o(da)

>a;/Bfn(s7x)1/(ds)U(dm).

Therefore, if b,, > 0 is such that

fn@™) >0, 2™ eBm, (3.18)

then
(A™ @MY > nb,8, 7™ e B,

where 8 := a(v ® 0)(B). Iterating, one gets for each j € N,
(AMY £,)(@E™) > nib,p7, 7™ e B",
and hence, for any 7 > 0,
e £.)E™) > be™T, 7M™ e B

Let p = Hm”Loo(Ri’dl,). Then (3.18) implies

(eiTB(”) fn)(i‘\(n)) 2 e*lln‘l'fn(ff(n)) Z ei'u’nTbn7 i(n) S B".
Therefore,
(e e B 1) (@) 2 BTy, 3 e B,

and hence
t

((6 mA(")e—%B("))mfn)(fg(n)) > e(ﬁ_ﬂ)”tbn’ ’x\(n) c B™.
Consider n = 1. Then, for any (s,z) € B and t > 0,
K0 ,5) = 0 B0 ) 3 60

Let now n > 2. Suppose that, for all 7 > T,,_1,

kg_n_l)(iﬁ\(n_l)) > an—le(n—l)([j—u)f(n _ 1>!, fg(n—l) c Bn_l.
Then
(WErP=DY 3™ > omn(n — 1)emDVEWTH 1)1 2M e B

and therefore, by (3.17), for n > 2, t > T},, and (™) € B,

t
E (3) > an/o eB=nt=T)p (0 _ 1)er=DE-1) (3 _ 1)1
t

> apleB=1nt (n — 1)/ e~ BT dr > anlePIn (n — 1)(t — Tp_y)

Trn_1
> a"pleB=1 (n —1)(T), — Tp—1) = anleP=H1mt,

The statement is fully proved.
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4. BOLKER—DIECKMANN-LAW—PACALA MODEL

We modify the contact model by adding a competition term, see e.g. [2,3,5,7]. The
model is given by the following operator for F' € K (Byps(Ko(X))):

(LE)(n) = Y m(s:)[F(n— sa0s) — F(1)]

zeT(N)

+ Z Z q (8zy8y)a” (v —y) [F(n — $262) — F'(n)]

zeT(n) yer(n)\{z}

+ q" (52, 8)a" (z = y)[F(n + s8,) — F(n)|v(ds)o(dy).
xézr(:n) /R‘*FXX

Here m : R% — R is the mortality rate function, 0 < a € + € L'(X,do) N L>(X, do)
are spatial dispersion and competition kernels, such that a*(—z) = a*(z), z € X; and
¢* : R x R% — Ry are symmetric functions. We denote

Kkt ::/ a*(z)o(dz) > 0.
X
Proposition 4.1. For any G € Bys(Ko(X)),
LG := K'LKG = LoG + L1G + LG + LG,
where

(LoG)() === D> m(s)Gm)— > Y. q (sarsy)a”(x—y)Gn),

zeT(n) zeT(n) yer(n)\{z}

L)) == > > g (sar8)a”(z — y)G(n — s.0,)

zeT(n) yer(n)\{=}

G = Y [ (e (0 = )Gl 526+ 56, (d5)o(d)

zeT(n)

(L)) = 3 / (s s)at (@ = )Gl + 58, )r(ds)a (dy).

zeT(n)

For C' > 0 and « € R, we set
C(n) = CI"Mle*Zverm vy e Ko(X),

and define the space

Lo.c = L' (Ko(X),C(n)dNg(n)) . (4.19)
We denote its norm by || - ||a.c-
We define
D)= > mls)+ >, Y. ¢ (sa8y)a (x—y), n € Ko(X),
zE€T(n) zeT(n) yeT(n)\{=}

and consider also the linear set

D= {G S La,C : DG € La,C}~



MARKOV DYNAMICS ON THE CONE OF DISCRETE RADON MEASURES 185

Theorem 4.2. Let C' > 0 and o € R. Suppose that there exist § > 0, such that

[ o snemvian) < pmis). s> (4.20)
[ s netan) < pevtmis), s> (4.21)
gH(5,7)a* (@) < BeTq(5,7)a"(2), 87 >0, z€ X, (4.22)
KTt C+l<% (4.23)

Then (L, D) is the generator of an analytic semigroup T(t), t >0, in Loc.

Proof. Firstly, using the same arguments as in [8, Lemma 3.3], we can show that (ZO, D)
is the generator of an analytic contraction semigroup in L .

Next, we recall (see e.g. [4]) that, for a Banach space Z, a linear operator (B, D(B)) is
(relatively) A-bounded w.r.t. a linear operator (A4, D(A)), if D(A) C D(B) and if there
exist constants a,b € Ry such that

[Bz|| < al|Az|| + bl«| (4.24)
for all zD(A). The A-bound of B is
= inf{a > 0:3b € Ry such that (4.24) holds}

For A being the generator of an analytic semigroup, (A + B, D(A)) generates an analytic
semigroup for every A-bounded operator B having A-bound ag < %

We are going to show now that, under assumptions above, the operator fl + Eg + 23
is Lo-bounded. Indeed, for each G € D,

ILlGHac</ YooY a (sesya (@ —y)|Gn - 5,6,)|Cn)A(dn)

IET(n YET(N—520z)

21) )
/Ko X)/]R X q (8z,8)a” (z — y)|G(n)|C(n + sdy)

wGT(’q

v(ds)a(dy)A(dn)

=k C’/ G(n)|C(n Z / " (82, 8)e™*v(ds)\(dn)

zeT(n)

< rC /K 2 me)OmICmAE) < 8 ClEeGlac,

IET(’U)
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where we used (4.20). Next, by (4.21), we have, for each G € D,

1E5Glac
<[ X [ st lG - s )
Ko(X) zeT(n) RTFXX
- v(ds)o (dy) C () M(d)
2.1
= / 3 / ¢t (s, 5y)at (@ — 9)|G)|COr — 5,6, + 56.)
Ko(X) &7 () 7 REXX
v(ds)o(dx)A(dn)
- / cmlcm S / G (5, 5y)e~ e a* (z — y)u(ds)o(dz)A(dn)
0 yer(n) "R X
<wtB [ GmICEm) 3 emesmersvm(s,)A(dn)
Ko (X) yer(n)

< K BILoGlac
Finally, by (4.22), we get, for any G € D,

IZ5G o
<[ [ g enslat @ - G + 5,8, Clv(ds)atdy)Adn)
Ko(X) ye7 () REXX
(2.1)
N / S Y q (sesyat (@ —y)Gm)|Cn — s,0,)A(dn)
Ko(X) yer(n) zer(n\{y}
<B Yo D a (swsy)a (@ —y)e® O e v C () A(dn)
Ko(X) yer(n) zer(m\{v}
< Z)ToClluc
Combining the estimates with the assumption (4.23), one gets the statement. O

Proposition 4.3. For any k € Lo(Ko(X)), the mapping
(L2k) (1) = =D (n)k(n)
_ / Z q (52,8)a” (x — y)k(n + so,)v(ds)o(dy)
RY xX

zeT(n)
F X [ st ks, + shv(ds)o(da)
yer(m) "X
+ Z Z q+(5m: Sy)a+(x - y)k(n - Sy5y)
yer(n) ze(m\{y}
is well-defined and, for any G € Bys(Ko(X)), (2.9) holds.

Hence, one can consider the dual semigroup 7™*(¢) in the dual space to the space Ly, ¢,
which is isomorphic to

Ka,c = L= (Ko(X), C(n)Avgo (dn)). (4.25)

This semigroup is *-weakly differentiable (with respect to the duality (2.9)), and k; =
T*(t)ko solves the weak equation (2.10) (see [8] for details). Note that, for some A, B > 0,

IT* O = IT®)] < Ae”*,  t>0.
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Therefore, for A\, g,-a.a. n € Ko(X),
k()| < AePLOITD] @ 2aerin S (4.26)

As we can see, comparing with the result (3.3), the strong mortality and competition rates
prevent factorial growth of correlation functions in n. A further analysis of the classical
solution to the strong equation (2.11) can be done by using the sun-dual semigroup
techniques, see [§] for details.

5. GLAUBER DYNAMICS

We consider now the Glauber-type dynamics. The corresponding analogue on the
configuration spaces was studied in many papers, see e.g. [1,8,12,14]. The generator
of the Glauber dynamics is obtained from the Gibbs measure on the cone, which was
constructed in [9] as follows. Let X = R and consider a pair potential

p: X x X >R
which satisfies the following two properties:
e there exists R > 0 such that
Pz, y) =0if |z —y| > R
(where | - | denotes the Euclidean norm on R9);
e there exists § > 0 such that

inf  ¢(z,y) > 2bgc? sup‘—¢(m, y) VO
|z—y|<o z,y

)

where by is the volume of a unit ball in R? and ¢ = cq 5.5 := Vd(1 + R/8) (see [9]
for details).

Fix also a 6 > 0. It was shown in [9] that there exists a tempered Gibbs measure p on
K(R?) which fulfills the Dobrushin-Lanford-Ruelle equations

[ malB | mn(n) = u(B) for any A € B, (R
K(R%)

where ma is the so-called local specification constructed by ¢ and 0 (see [9] for the precise
definitions and further details). Heuristically,

pln) = Zexp(~ 30 sasy0(w.9))Goldn).

z,y€T(n)

where Z is a normalizing factor.

Proposition 5.1 (Georgii-Nguyen—Zessin identity, [9, Theorem 6.4]). Let i be a tempered
Gibbs measure on K(X). Then, for any measurable function F : R% x K(RY) — R,

[ [ Famntaan
K(R4) JR4

(5.27)
= / / F(x,n+ s0,)e” P& s (ds) o (da) pu(dn),
K(R4) JR% xRd

where, for n:= (Sy,Y)yerm) € K(R9),
D ((s,xz);m) :=2s Z Syd(x,y). (5.28)

yeT(n)
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We consider, for the fixed ¢ and 6, the following (pre-)Dirichlet form:
er,0)e= [ [ DIFO)D;Glnn(dnGo(a)

for F,G € K(Byps(Ko(X))).
Proposition 5.2. Let F,G € K(Bps(Ko(X))) and
(LE)m) ==Y 50 [F(n = su02) = F(n)]

zeT(n)

[ B s = Pl sy ds)o(de)
R* xX
where ® is defined by (5.28). Then
EF.6) =~ [ (LFY) GGaldn).
K(X)
Proof. By (5.27), we have

EFG) = /m) / D FO)D; Glnn(da)Go(dn)
=3 /K( /R x Dy F(n)(G(n — s20.) — G(n))n(dz)Go(dn)
= / / Dy F(n)(G(n — s202)n(dx)Go(dn)
K(X) JRY xX
/ )G (n)n(dx)Ge(dn)
K(X)
)

N+ 5202)G(n)e” "M spp(ds)o (da)Ga(dn)
K

Fal
/]K(X)
fon
- /K > se(F(n = 520:) = F(0)G(m)do(dn)

n)G(n)n(dz)Ge(dn)

0+ 8:6:) — F(0))G(n)e” ™D svy(ds)o(da)Go(dn)

/]R x X
/ DS F(
RiXX
D F(
]Rj_XX
/ (F(
K(X) JR% x X

We denote
Z Sz, ne KO (X)a
z€T(n)
and also, for the fixed (s,z) € R} x X, we set

fou(Tyy) = e 2m0@y) _q (r,y) e R} x X.
Proposition 5.3. For any G € Bus(Ko(X)), LG := K~'LKG satisfies
(LG)(n) = =S(mG(n)
[ s Gle b D e (o~ D ds)o(da).

XX ecq
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Proof. The proof can be done in the same way as e.g. in [8], see also the proof of
(3.13). O

We consider again the space (4.19) with C' > 0, a € (0,1). We consider also the domain
D= {G € La,C|S(77)G(77) € La,C} .

Theorem 5.4. Let C > 2, a € (0,1), 0 > 0, and

o(x,y) >0,  wyeX, (5.29)
be such that
a(l —a)
0 - sup d(z,y)o(dy) < ——=. (5.30)
zeX JX 2C

Then the operator (E,’D) generates an analytic semigroup in the space Lo, ¢
Proof. Firstly, we consider the operator
(LoG)(n) = =S)G(n), 1€ Ko(X)

in L, ¢ with its maximal domain D. It can be shown identically to the proof of [8,
Lemma 3.3|, that (LO, D) is a generator of a contraction analytic semigroup in L, c.
Next, we define L1 =1 L(), ie., for G € Bps(Ko(X)),

(L.G)(n) = / 53" GE + 8,)e PR (.1 — E)vp(ds)o(d).

R* x X £cn
We are going to show now that, under (5.29), operator Zl is Eo—bounded. Indeed,
|1 L1Glac

(5.29)
EQ/KO<X> ; /R 16+ sdo)lex (1fusl n = ) Clnva(ds)o(de) o (dn)

(2.1)
= /KO(X) /Ko(x / e s|G(& + sdz)lex (| [,z s &2) C(&1 + &2)
-vg(ds)o (dm))\g(dgl),\e(d€2)

= 1)/]K()(X) /]K(J(X) Z Sw|G 51 |€)\ (Ifs;ﬂc' €2) (51 - 59369” + 52))\‘9(d€1))\9(d£2)

CEGT
< |G(&1)IC(&1) szex (| fso.l €2) C(€2)C(520:) " Ao (dér) Ao (dE2)
/KO( 1’621)/
=C~ f Cf pe ¥ fsmw Ce™® &) Ng(dE2) Ng(dE
/ D) Z(g) /Ko(x)m | Ce™, €3) Np(dga) o (d61)
=C! 1G(&)IC (&)
Ko(X)

Lo o (5,9)] Ce®vy(ds)o(dy) | Ao(d
S e eXp</R*+Xx|fm, (5, 9)] Ce™vy(ds)or y>> o(d61)

z€T(§1)
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where we have used (2.4); next, since, under (5.29), |fs.(7,y)| < 2s7¢(z,y), we may
estimate

<c! |G(&1)|C (&)
Ko (X)
Sze” Y% exp 28,80(x, y)C’eaSV.g(ds)cr(dz)> Ao(d&r)
we_z(:&) </Rj_ x X
e [ e
Ko (X)
Z Sz €XP <2C€ o(z,y)e'* Vedso(dx) — a) ] C (&) a(dq)

zer(€1) RY x X

1
< Z|L
< &lIZoGll.

for « € (0,1), if only we assume that

0> 209/ o(x,y)e* V3dso(dr) — a = 209/
RY x X

b'e
=1—a / o(x,y)o(dx) — «,
that holds under (5.30). Therefore, L has Lo-bound % < % that yields the statement. [

gb(x,y)o(dr)/* el D8 ds —

By using the Minlos identity (2.1), we immediately get the following result:
Proposition 5.5. For any k € Lo.(Ko(X)), the mapping
(L2k) () = =S (n)k(n)
+ ) sgem PUemmTaade) / ex(fopw E)K(N + € — 5405) Ao (d€)

z€T(n) Ko(X)
is well-defined and, for any G € Bys(Ko(X)), (2.9) holds.

Again, one can consider the dual semigroup 7%(¢) in the space (isomorphic to) Kq,c
given by (4.25), so that k; = T*(¢)ko solves the weak equation (2.10), and (4.26) holds.
Further analysis of the sun-dual semigroup 7®(¢) (which provides a solution to (2.10) on
a subspace of K4 ) can be done in the same way as in [§].
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