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ABSTRACT. The author proves, in particular, that the mentioned groups are exactly the

Chernikov groups and the Dedekind groups.
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Let min —n be the minimal condition for non-normal subgroups. Obviously, the class
of groups with min — n is closed with respect to forming subgroups and factor groups.

Remind that a group with the minimal condition for (all) subgroups is called Artinian.
(Chernikov groups present some special case of Artinian groups.)

Remind that a group with all subgroups normal is called Dedekind.

Clearly, Artinian groups and Dedekind groups satisfy min — n. The remarkable
S. N. Chernikov’s Theorem [1] asserts: A group, having a series with finite factors, (in
particular, an RN -group, a locally solvable group) satisfies min — n iff it is Chernikov or
Dedekind.

Remind that the Dedekind groups are completely described by famous R. Baer’s The-
orem [2].

In the present article, the author continues to investigate the groups with min — n.

Introduce the definition.
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Definition 1. The group G will be called primitive graded, if for every g, h € G, the
subgroup < g, ¢" > possesses a subgroup of finite index # 1 whenever g is a p-element

# 1 with some odd p and also [¢7, h] = 1 and the subgroup < g, h > is periodic.

The known N. S. Chernikov’s Theorem [3], in particular, establishes: A primitive
graded group is Artinian iff it is Chernikov (see in [3] Theorem B). In connection with this
theorem, remind that the class of Artinian groups disagrees with the class of Chernikov
groups (A. Yu. Ol'shanskiy, see, for instance, [4]). Further, remind that a group, in which
every finitely generated (respectively 2-generator) subgroup # 1 possesses a subgroup
of finite index # 1, is called locally (respectively binary) graded (S. N. Chernikov, see
[5, 6] and [7, P.20] respectively). Remind also that the group G is called Shunkov, if
for any its finite subgroup K, every subgroup of the factor group Ng(K)/K, generated
by two conjugate elements of prime order, is finite (V. D. Mazurov, 1998). The class of
primitive graded groups clearly includes the (extremely) large classes of binary, locally
graded, Shunkov groups and (by the way) the classes of binary finite, binary solvable,
linear, 2-groups, groups, having a series with binary finite factors, ... .

The main results of the present article are the following theorems.

Theorem 1. For the group G the following statements are equivalent:

(i) G is primitive graded and satisfies min — n.
(ii) G is Chernikov or Dedekind.

Theorem 2. Let € be the minimal local class of groups closed with respect to forming
subgroups, series (and, at the same time, subcartesian products) and containing the class
& of all primitive graded groups; G € €. The group G satisfies min —n iff it is Chernikov
or Dedekind.

(The class X of groups is called local, if it includes every group with a local system of
subgroups belonging to X.)
For instance, the following propositions are immediate consequences of Theorem 1.

Corollary 1. A group, having a series with binary finite factors, satisfies min —n iff
it is Chernikov or Dedekind.

Corollary 2. A locally graded group satisfies min —n iff it is Chernikov or Dedekind.
Corollary 3. A binary graded group satisfies min —n iff it is Chernikov or Dedekind.

Below, as usual, X’ is the derived subgroup of the group X; min — ab is the minimal
condition for abelian subgroups.

Note: Every group, which satisfies min—mn and does not satisfy min—ab, is necessarily
Dedekind (S. N. Chernikov, see Corollary 2 [1]).
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Preface the proof of Theorem 1 with the following proposition.

Proposition 1. Let G be a group satisfying min — n. Then G’ is Artinian. Further,
G' is Chernikov iff G is Chernikov or Dedekind.

PrOOF. Show that G’ is Artinian. We may assume that G is non-Artinian. It is easy
to see: GG contains some non-Artinian subgroup H such that any its non-Artinian subgroup
is normal in G; H has some descending series H = Hy D H; D Hy D ... D H, D 1 such
that H, = Ny<yH, and H, is Artinian.

Obviously all H/H, with a < v are Dedekind. Then in view of R. Baer’s Theorem
2], for o < 7, |[(H/H,)'| < 2. Therefore, clearly, |(H/H,)'| < 2. Put (H/H,) = L/H,.
Since H., is Artinian and |L : H,| is finite, L is Artinian.

Obviously H/L is abelian and non-Artinian. So G/L does not satisfy min — ab and
satisfies min —n. Therefore in view of Corollary 2 [1], it is Dedekind. Put (G/L) = R/ L.
Then G’ C R. Again in view of R. Baer’s Theorem [2], |R : L| < 2. Therefore because of
L is Artinian, R is Artinian too. At the same time, G’ is Artinian.

If G’ is Chernikov, then, obviously, G' has a series with finite factors that includes
G'. Therefore in view of S. N. Chernikov’s Theorem [1] (see above), G is Chernikov or
Dedekind.

If G is Chernikov, then G’ is Chernikov. If G is Dedekind, then |G’| < 2.

Proposition is proven. O

PROOF OF THEOREM 1. Suppose that (i) is fulfilled but (ii) is not. Then by Propo-
sition 1, G’ is Artinian non-Chernikov. But in view of N. S. Chernikov’s Theorem [3], the
Artinian primitive graded subgroup G’ is Chernikov, which is a contradiction.

Clearly, (ii) implies (i).

Theorem is proven. O

Corollary 4. Let $ be the mazximal class of groups in which every group with min —n
1s Chernikov or Dedekind. Then $ is local and closed with respect to forming series and

subcartesian products.

PRrROOF. Indeed, it is not difficult to see: if some group G with min — n is a locally
or residually $)-group or has a series with $)-factors, then G is locally graded. So by
Corollary 2, G is Chernikov or Dedekind. OJ

PrROOF OF THEOREM 2. Let $ be from Corollary 4. Let 9t be the minimal local class
of groups closed with respect to forming series and containing &. In view of Corollary

4, $ is local and closed with respect to forming series. Further, in view of Theorem 1,
6 C 9. Therefore clearly 2 C $.
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Taking into account that & is closed with respect to forming subgroups, it is not
difficult to show that 91 is closed with respect to forming subgroups. Indeed, obviously
M is the union of the classes M, where My = & and for ordinals a > 0 by induction:
if « = 4 1 for some ordinal g3, then 9, is the class of all groups with a local system
of subgroups having a series with 9g-factors; if there is no such 3, then M, = UgM3.
Let us assume that all Mz, B < «, are closed with respect to forming subgroups. Then it
is easy to see: 9, is also closed with respect to forming subgroups.

Therefore clearly 9t = €. Thus € C §.

Let G satisfy min — n. Since also G € € and € C §), GG is Chernikov or Dedekind.

If G is Chernikov or Dedekind, then, it, of course, satisfies min — n.

Theorem is proven. O

Corollary 5. Let $ be from Corollary 4, and G be a group such that for every g,
h € G, the subgroup < g, g" > has a homomorphic image K # 1 and K € $ whenever g
is a p-element # 1 with some odd p and also [¢gP,h] =1 and < g, h > is periodic. Then
Ge9.

PROOF. Let G satisfy min —n. Then K also satisfies min —n. So K is Chernikov or
Dedekind. At the same time, the 2-generator K has a finite homomorphic image # 1. So
< g, 9" > possesses a subgroup of finite index # 1. Thus G is primitive graded. In view
of Theorem 1, G is Chernikov or Dedekind.

Corollary is proven. O
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