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∞-çîáðàæåííÿ äiéñíèõ ÷èñåë,âèçíà÷åíi äâi÷i ñòîõàñòè÷íèìè ìàòðèöÿìèi ìíîæèíè ç íèìè ïîâ'ÿçàíiÂ. Ï. Ìàðêiòàí, Ì. Â. Ïðàöüîâèòèé(Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè)Àíîòàöiÿ. Â ñòàòòi âèâ÷à¹òüñÿ Q∗

∞
-çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà,ùî ¹ êîäóâàííÿì äiéñíèõ ÷èñåë ç íåñêií÷åííèì àë�àâiòîì çà óìîâè âèçíà÷åííÿ éî-ãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ, ïîðîäæåíîþ îäíèì ïàðàìåòðîì. Äîñëiäæóþòüñÿòîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèí äiéñíèõ ÷èñåë ç îáìåæåííÿìè íà âèêîðèñòà-ííÿ ñèìâîëiâ ó Q∗

∞
-çîáðàæåííi ÷èñëà.Êëþ÷îâi ñëîâà: äðîáîâà ÷àñòèíà äiéñíîãî ÷èñëà, Q∗

∞
-çîáðàæåííÿ, íåñêií÷åííiäâi÷i ñòîõàñòè÷íi ìàòðèöi, öèëiíäðè÷íi ìíîæèíè, ìiðà Ëåáåãà.

Abstract. Considered in the article is the Q∗

∞
-representation of the fractional part of

a real number, which is a number coding with infinite alphabet under condition that it is

deterimed by doubly-stochastic matrix depending on one parameter. Topological, metric

properties of real number sets with restriction on using symbols in the Q∗

∞
-representation

are investigated.

Keywords: the fractional part of a real number, Q∗

∞
-representation, infinite doubly-

stochastic matrices, cylinder sets, Lebesgue measure.1. ÂñòóïÇíà÷íèé êëàñ ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëüíîþ áóäîâîþ (ìíîæèí,�óíêöié, ðîçïîäiëiâ éìîâiðíîñòåé, ïåðåòâîðåíü ïðîñòîðó, äèíàìi÷íèõ ñèñòåì òîùî)âiäíîñíî ïðîñòî ìîæíà îïèñàòè i âèâ÷èòè çàâäÿêè âèêîðèñòàííþ ðiçíèõ ñèñòåì ÷è-ñëåííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë: çi ñêií÷åííèì òà íåñêií÷åííèì àë�àâiòîì, ñóò-ò¹âî íàäëèøêîâèõ òà ç íóëüîâîþ íàäëèøêîâiñòþ, ç ñàìîïîäiáíîþ ãåîìåòði¹þ òà íå-ñàìîïîäiáíîþ i ò.ä.
Q∗

∞-çîáðàæåííÿ äiéñíîãî ÷èñëà ç ïiââiäðiçêà [0; 1), áóäó÷è óçàãàëüíåííÿì Q∞-çîáðàæåííÿ, ÿê ñèñòåìà ÷èñëåííÿ ç íåñêií÷åííèì àë�àâiòîì òà íóëüîâîþ íàäëèøêî-âiñòþ (êîæíå ÷èñëî ìà¹ ¹äèíå çîáðàæåííÿ) áóëî ââåäåíå Ïðàöüîâèòèì Ì.Â. Íàãàäà-¹ìî éîãî ñóòü.Íåõàé A = {0, 1, 2, . . .} � àë�àâiò ñèñòåìè ÷èñëåííÿ, L = A × A × . . . � ïðîñòiðïîñëiäîâíîñòåé; Q∗
∞ = ||qik|| � çàäàíà ìàòðèöÿ, ÿêà âîëîäi¹ âëàñòèâîñòÿìè:© Â. Ï. Ìàðêiòàí, Ì. Â. Ïðàöüîâèòèé, 2015



Q∗
∞-ÇÎÁ�ÀÆÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË... 371. ìiñòèòü íåñêií÷åííó êiëüêiñòü ðÿäêiâ i ñòîâöiâ;2. qik > 0 ∀i ∈ A, ∀k ∈ N ;3. ∞∑

i=0

qik = 1;4. äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ÷èñåë (αn) ∈ L: ∞∏

n=1

qαnn = 0.Â äàíié ðîáîòi ìè óòî÷íþ¹ìî ðåçóëüòàòè çäîáóòi Ïðàöüîâèòèì Ì.Â. [1℄, äëÿ âèïàä-êó, êîëè ìàòðèöÿ ¹ äâi÷i ñòîõàñòè÷íîþ i âèçíà÷à¹òüñÿ îäíèì ïàðàìåòðîì; ç'ÿñîâó¹ìîãåîìåòðiþ öèëiíäðè÷íîãî çîáðàæåííÿ; äîñëiäæó¹ìî òîïîëîãi÷íi âëàñòèâîñòi ìíîæèíäiéñíèõ ÷èñåë ç îáìåæåííÿì íà âèêîðèñòàííÿ îäíîãî iç ñèìâîëiâ ó Q∗
∞-çîáðàæåííi.Îçíà÷åííÿ 1. �îçêëàä ÷èñëà x ∈ [0; 1) â ðÿä

x = βα11 +

∞∑

k=2

[

βαkk

k−1∏

j=1

qαjj

]

≡ ∆Q∗
∞

α1...αk...
, äå β0k ≡ 0, βik ≡

i−1∑

j=0

qjk, i ∈ N, k ∈ N (1)íàçèâà¹òüñÿ Q∗
∞-ïðåäñòàâëåííÿì, à ñêîðî÷åíèé éîãî çàïèñ ∆

Q∗
∞

α1...αk ... � Q∗
∞-çîáðà-æåííÿì ÷èñëà õ, âèçíà÷åíîãî ìàòðèöåþ Q∗

∞. Ïðè öüîìó αn = αn(x) íàçèâà¹òüñÿ
n-îþ öè�ðîþ (ñèìâîëîì) öüîãî çîáðàæåííÿ. Öè�ðà ¹ ñèìâîëîì ó çîáðàæåííi ÷èñëài íå âiäiãðà¹ ðîëi ÷èñëà ó âèðàçi ðÿäó (1). Âàðòî çàçíà÷èòè, ÿêùî âñi ñòîâïöi ìàòðèöi
Q∗

∞ ¹ îäíàêîâèìè, òî Q∗
∞-çîáðàæåííÿ ¹ Q∞-çîáðàæåííÿì.2. Çàäà÷à, ùî ïðèçâîäèòü äî Q∗

∞-çîáðàæåííÿ�îçãëÿíåìî äâiéêîâå çîáðàæåííÿ äîâiëüíîãî äiéñíîãî ÷èñëà x ∈ (0; 1] i çäiéñíèìîïåðåêîäóâàííÿ éîãî ñèìâîëiâ çà íàñòóïíèì ïðàâèëîì:
x = ∆2

0 . . . 0
︸ ︷︷ ︸

a1

10 . . . 0
︸ ︷︷ ︸

a2

1...10 . . . 0
︸ ︷︷ ︸

ak

1...
= ∆2∞

a1a2...ak ...
, (2)äå ∆2∞

a1a2...ak ...
� �îðìàëüíèé çàïèñ ðîçêëàäó ÷èñëà x â ðÿä:

x = ∆2∞

a1a2...ak...
=

∞∑

k=1

1

2a1+a2+...+ak+k
,Çàïèñ (2) âñòàíîâëþ¹ âiäïîâiäíiñòü ìiæ êëàñè÷íèì äâiéêîâèì çîáðàæåííÿì äiéñíîãî÷èñëà x ∈ (0; 1] ç äâîñèìâîëüíèì àë�àâiòîì A2 = {0, 1} i êîäóâàííÿì éîãî çàñîáàìèíåñêií÷åííî ñèìâîëüíîãî àë�àâiòó A = {0, 1, 2, 3, ...} .�îçãëÿíåìî âèïàäêîâó âåëè÷èíó

ξ = ∆2∞

η1η2...ηk...ó ÿêî¨ ñèìâîëè ηk � íåçàëåæíi âèïàäêîâi âåëè÷èíè, ÿêi íàáóâàþòü çíà÷åíü 0, 1, 2, . . . , i, . . .ç éìîâiðíîñòÿìè p0k, p1k, p2k, ...pik, ... âiäïîâiäíî (p0k + p1k + p2k + . . . + pik + . . . = 1,

k ∈ N).



38 Â. Ï. Ìàðêiòàí, Ì. Â. ÏðàöüîâèòèéÒåîðåìà 1. Ôóíêöiÿ ðîçïîäiëó Fξ âèïàäêîâî¨ âåëè÷èíè ξ ïîäà¹òüñÿ ó âèãëÿäi
Fξ (x) = βa1(x)1 +

∞∑

k=2

[

βak(x)k

k−1∏

j=1

paj(x)j

]

, äå βak(x)k ≡
∞∑

j=ak+1

pjk, k ∈ NÄîâåäåííÿ. Çà îçíà÷åííÿì �óíêöi¨ ðîçïîäiëó Fξ(x) = P {ξ < x}. Âðàõîâóþ÷è, ùî
x1 < x2 ⇔ ∃ m : am(x1) > am(x2) i ai(x1) = ai(x2), ïðè i < m òî ïîäiþ {ξ < x} ìîæíàïîäàòè ó âèãëÿäi îá'¹äíàííÿ íåñóìiñíèõ ïîäié:

{ξ < x} =

= {η1 > a1(x)}∪{η1 = a1(x) ∧ η2 > a2(x)}∪. . .∪
{
ηj = aj(x), j = 1, k + 1 ∧ ηk > ak(x)

}
. . . .Òîìó:

Fξ(x) = P {ξ < x} = P
{
{η1 > a1(x)} ∪ {η1 = a1(x) ∧ η2 > a2(x)}∪

. . . ∪
{
ηj = aj(x), j = 1, k − 1 ∧ ηk > ak(x)

}
. . .
}
= P {η1 > a1(x)}+

+ P {η1 = a1(x) ∧ η2 > a2(x)}+ . . .+ P
{
ηj = aj(x), j = 1, k − 1 ∧ ηk > ak(x)

}
+ . . .Âðàõóâàâøè íåçàëåæíiñòü ïîäié ηk, îòðèìà¹ìî:

Fξ(x) = P {η1 > a1(x)} + P {η1 = a1(x)} · P {η2 > a2(x)}+ . . .+ P {η1 = a1(x)} ·
· P {η2 = a2(x)} · . . . · P {ηk−1 = ak−1(x)} · P {ηk > ak(x)} + . . . =

∞∑

k=a1+1

pk1 + pa1(x)1 ·

·
∞∑

k=a2+1

pk2 + . . .+
k−1∏

j=1

paj(x)j ·
∞∑

k=ak+1

pkk + . . . = βa1(x)1 + βa2(x)2 · pa1(x)1 + . . .+ βak(x)k ·

·
k−1∏

j=1

paj(x)j + . . . = βa1(x)1 +
∞∑

k=2

[

βak(x)k
k−1∏

j=1

paj(x)j

]

,ùî ïîòðiáíî áóëî äîâåñòè. �3. Íåñêií÷åííi äâi÷i ñòîõàñòè÷íi ìàòðèöiÎçíà÷åííÿ 2. Íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ íàçèâàþòü ìàòðèöþ
||qik||, åëåìåíòè ÿêî¨ ¹ íåâiä'¹ìíèìè, à ñóìà åëåìåíòiâ êîæíîãî ðÿäêà i êîæíîãî ñòîâ-ïöÿ äîðiâíþ¹ 1, òîáòî îäíî÷àñíî âèêîíóþòüñÿ óìîâè1. qik > 0;2. ∞∑

k=1

qik = 1 =
∞∑

i=0

qik.Î÷åâèäíî, ùî ïåðåñòàíîâêà áóäü-ÿêèõ äâîõ ðÿäêiâ àáî ñòîâïöiâ äâi÷i ñòîõàñòè÷íî¨ìàòðèöi çàëèøà¹ ¨¨ äâi÷i ñòîõàñòè÷íîþ.Çàäà÷ó ïðî iñíóâàííÿ òà êiëüêiñòü íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ ìàòðèöü ðîçâ'ÿ-çó¹ íàñòóïíå òâåðäæåííÿ.Ëåìà 1. ßêùî (an) � áóäü-ÿêà ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë òàêà, ùî
a1 + a2 + · · ·+ an + · · · = 1;

Sn ≡ a1 + a2 + · · ·+ an, n ∈ N,



Q∗
∞-ÇÎÁ�ÀÆÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË... 39òî ìàòðèöÿ ‖qij‖ òàêà, ùî

qij =







ai+j−1, ÿêùî i 6= j;

a2i−1 + Si−1, ÿêùî i = j;¹ íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ñèìåòðè÷íîþ ìàòðèöåþ.Äîâåäåííÿ. Ñïðàâäi, ñèìåòðè÷íiñòü ìàòðèöi ‖qij‖ ¹ î÷åâèäíîþ, ðàçîì ç öèì,
∞∑

j=1

qij = ai + ai+1 + . . .+ a2i−2 + (a2i−1 + Si−1) + a2i + a2i+1 + . . . = 1.

�4. Íåñêií÷åííi äâi÷i ñòîõàñòè÷íi ìàòðèöi, çàëåæíi âiä îäíîãîïàðàìåòðóÏîáóäó¹ìî íåñêií÷åííó ìàòðèöþ çà íàñòóïíèì ïðàâèëîì: åëåìåíòè ìàòðèöi óòâî-ðþþòü íåñêií÷åííî ñïàäíó ãåîìåòðè÷íó ïðîãðåñiþ çi çíàìåííèêîì q ∈ (0; 1) òà ïåð-øèì ÷ëåíîì b = 1− q, òîáòî
Q∗

∞ =














b bq bq2 · · · bqn−1 · · ·
bq bq2 bq3 · · · bqn · · ·
bq2 bq3 bq4 · · · bqn+1 · · ·... ... ... . . . ... ...
bqn−1 bqn bqn+1 · · · bq2(n−1) · · ·... ... ... · · · ... ...














(3)
Ïîçíà÷èìî ÷åðåç Sk ñóìó åëåìåíòiâ k-ãî ðÿäêà ìàòðèöi (8). Çðîçóìiëî, ùî ñóìàåëåìåíòiâ k-ãî ñòîâïöÿ òåæ áóäå ðiíîþ Sk, îñêiëüêè ìàòðèöÿ Q∗

∞ ñèìåòðè÷íà. Îá÷è-ñëèìî çíà÷åííÿ Sk:
S1 =

b
1−q

= b
b
= 1;

S2 =
bq

1−q
= bq

b
= q;

S3 =
bq2

1−q
= bq2

b
= q2;. . .

Sn = bqn−1

1−q
= bqn−1

b
= qn−1;. . . .Äëÿ âèêîíàííÿ óìîâè äâi÷i ñòîõàñòè÷íîñòi ìàòðèöi Q∗

∞ ïîêëàäåìî:
q01 := b;
q12 := bq2 + 1− S2 = bq2 + 1− q;
q23 := bq4 + 1− S3 = bq4 + 1− q2;. . .
q(n−1)n := bq2(n−1) + 1− Sn = bq2(n−1) + 1− qn−1. . . .



40 Â. Ï. Ìàðêiòàí, Ì. Â. ÏðàöüîâèòèéÒàêèì ÷èíîì îòðèìà¹ìî ìàòðèöþ âèãëÿäó :
Q∗

∞ =














b bq bq2 · · · bqn−1 · · ·
bq bq2 + 1− q bq3 · · · bqn · · ·
bq2 bq3 bq4 + 1− q4 · · · bqn+1 · · ·... ... ... . . . ... ...
bqn−1 bqn bqn+1 · · · bq2(n−1) + 1− qn−1 · · ·... ... ... · · · ... ...














(4)
Îòæå, äîâåäåíî:Ëåìà 2. ßêùî äëÿ ìàòðèöi Q∗

∞ âèêîíóþòüñÿ óìîâè:1. q01 = b ∈ (0; 1);2. b+ q = 1;3. qik = bqi+k−1 äëÿ âñiõ i 6= k − 1, k ∈ N ;4. qik = bq2(k−1) + 1− qk−1 äëÿ âñiõ i = k − 1, k ∈ N ,òî âîíà ¹ äâi÷i ñòîõàñòè÷íîþ.5. Q∗
∞-çîáðàæåííÿ, âèçíà÷åíå äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþÇ'ÿñó¹ìî ÿêèõ çíà÷åíü íàáóâàòèìóòü βαkk òà qαkk äëÿ Q∗

∞-ïðåñòàâëåííÿ ÷èñëà ó(1), âèçíà÷åíîãî íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ (9). Îñêiëüêè qαkk � öååëåìåíòè ìàòðèöi (9), òî
{
qαkk = bqαk+(k−1) äëÿ âñiõ αk 6= k − 1, k ∈ N,

qαkk = bq2αk + 1− qαk äëÿ âñiõ αk = k − 1, k ∈ N.Äëÿ βαkk ñïðàâåäëèâî:1) ïðè αk < k

βαkk =
αk−1∑

j=0

qjk = q0k + q1k + q2k + . . .+ qαkk = bqk−1 + bqk + bqk+1 + . . .+ bqαk−1+k−1 =

= bqk−1 + bqk + bqk+1 + . . .+ bqαk+k−2 = bqk−1(1−qαk )
1−q

= qk−1 (1− qαk);2) ïðè αk > k

βαkk =
αk−1∑

j=0

qjk = q0k + q1k + q2k + . . .+ q(k−2)k + q(k−1)k + qkk + . . .+ qαkk =

= bqk−1+ bqk + bqk+1+ . . .+ bq2k−3+ bq2k−2+1− qk−1+ . . .+ bqαk+k−2 = bqk−1(1−qαk )
1−q

+

1− qk−1 = qk−1 (1− qαk) + 1− qk−1 = +1− qαk+k−1. Òîáòî






β0k = 0,

βαkk = qk−1 (1− qαk) äëÿ âñiõ αk < k ∈ N,

βαkk = 1− qαk+k−1 äëÿ âñiõ αk ≥ k ∈ N;

(5)



Q∗
∞-ÇÎÁ�ÀÆÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË... 41Âàðòî çàçíà÷èòè, ÿêùî ó çîáðàæåííi ∆Q∗

∞
α1...αk... âèçíà÷åíîìó ìàòðèöåþ (9) äëÿ αk(x)ñïðàâäæó¹òüñÿ αk 6= k − 1 äëÿ âñiõ k ∈ N, òî

x = 1− qα1 +

∞∑

k=2

βαkk(1− q)k−1q

k−1∑

i=1
αi+

(k−1)(k−2)
2

,äå βαkk âèçíà÷àþòüñÿ çà �îðìóëàìè (5).6. �åîìåòðiÿ öèëiíäðè÷íîãî Q∗
∞-çîáðàæåííÿ, âèçíà÷åíîãî äâi÷iñòîõàñòè÷íîþ ìàòðèöåþÍåõàé (c1, c2, . . . , cm) � âïîðÿäêîâàíèé íàáið öiëèõ íåâiä'¹ìíèõ ÷èñåë.Îçíà÷åííÿ 3. Öèëiíäðîì ðàíãóm ç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ ìíîæèíà∆Q∗

∞
c1c2...cm÷èñåë x ∈ [0; 1), ïåðøi m öè�ð Q∗

∞- çîáðàæåííÿ ÿêèõ ¹ c1, c2, . . . , cm âiäïîâiäíî, òîáòî
∆Q∗

∞
c1c2...cm

=
{
x : x = ∆Q∗

∞
c1c2...cmam+1am+2...

, am+i ∈ N ∪ {0} , i = 1, 2, 3, . . . .
}
.Äëÿ Q∗

∞-çîáðàæåííÿ, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ (9) ñïðàâèäëèâè-ìè ¹ íàñòóïíi âëàñòèâîñòi öèëiíäðiâ:1. ∞⋃

c1=0

∞⋃

c2=0

. . .
∞⋃

cm=0

∆
Q∗

∞
c1c2...cm = [0; 1) ;2. ∆Q∗

∞
c1c2...cm =

∞⋃

i=1

∆
Q∗

∞

c1c2...cmi;3. min∆Q∗
∞

c1c2...cm(i+1) = sup∆Q∗
∞

c1c2...cmi, i = 1, 2, . . .;4. Öèëiíäðè îäíîãî ðàíãó íå ïåðåòèíàþòüñÿ àáî ñïiâïàäàþòü (ðiâíi), ïðè÷îìó
∆Q∗

∞
c1c2...cm

= ∆
Q∗

∞

c
′

1c
′

2...c
′
m

⇔ ci = c
′

i i = 1, 2, . . .m;5. Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (cm) ∈ L ïåðåðiç ∞⋂

m=1

∆
Q∗

∞
c1c2...cm = x = ∆

Q∗
∞

c1c2...cm... ¹òî÷êà ïiâiíòåðâàëà [0; 1);6. ∆Q∗
∞

c1...cm =
[

∆
Q∗

∞

c1...cm−1cm(0); ∆
Q∗

∞

c1...cm−1cm+1(0)

)

.7. Äîâæèíà öèëiíäðà îá÷èñëþ¹òüñÿ çà �îðìóëîþ:
|∆Q∗

∞
c1...cm

| = bm
m∏

i=1

qci+i−1 ïðè ci 6= i− 1;Äiéñíî, |∆Q∗
∞

c1c2...cm| = qα11 · qα22 · . . . · qαmm = bqα1 · bqα1+1 · . . . · bqαm+(m−1) = bm
m∏

i=1

qci+i−1.ßêùî æ ñåðåä ci ìiñòèòüñÿ t èìâîëiâ äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòü ci = i− 1, òîäîâæèíà öèëiíäðà îá÷èñëþ¹òüñÿ çà �îðìóëîþ:
|∆Q∗

∞
c1...cm

| = bm−t

m∏

k=1
ck 6=k−1

qck+k−1

m∏

k=1
ck=k−1

(bq2ck + qck + 1).8. Ìà¹ ìiñöå ðiâíiñòü (îñíîâíå ìåòðè÷íå âiäíîøåííÿ):
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|∆Q∗

∞

c1...cmi|
|∆Q∗

∞
c1...cm|

=

{

bqi+m, ÿêùî i 6= m,

bq2m − qm + 1, ÿêùî i = m.Ñïðàâäi, âðàõîâóþ÷è âëàñòèâiñòü 7, ìà¹ìî:1) ïðè i 6= m

|∆Q∗
∞

c1...cmi|
|∆Q∗

∞
c1...cm|

=
|∆Q∗

∞

c1...cmi| · qi(m+1)

|∆Q∗
∞

c1...cm |
= qi(m+1) = bqi+m;2) ïðè i = m

|∆Q∗
∞

c1...cm|
|∆Q∗

∞
c1...cm|

=
|∆Q∗

∞
c1...cmm| · qm(m+1)

|∆Q∗
∞

c1...cm|
= bq2m − qm + 1.7. Ìíîæèíà ÷èñåë ç îáìåæåííÿì íà âæèâàííÿ ñèìâîëà ó

Q∗
∞-çîáðàæåííi ÷èñëà, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþÇà�iêñó¹ìî öiëå íåâiä'¹ìíå ÷èñëî c i ðîçãëÿíåìî ìíîæèíó ÷èñåë, Q∗

∞ - çîáðàæåííÿÿêèõ âèçíà÷åíå ìàòðèöåþ (9) íå ìiñòèòü ñèìâîëà c, òîáòî
Dc ≡ [Q∗

∞; c̄] =
{
x : x = ∆Q∗

∞
α1α2...αk...

, äå αk 6= c ∈ {0, 1, 2, 3, . . .} ∀k ∈ N
}
.Òåîðåìà 2. Ìíîæèíà Dc ¹ íiäå íå ùiëüíîþ ìíîæèíîþ äîäàòíî¨ ìiðè Ëåáåãà.Äîâåäåííÿ. Äîâåäåìî, ùî Dc ¹ íiäå íå ùiëüíîþ ìíîæèíîþ çà îçíà÷åííÿì, òîáòîïîêàæåìî, ùî â áóäü-ÿêîìó iíòåðâàëi (a; b) ⊂ [0; 1) iñíó¹ ïiäiíòåðâàë, ùî íå ìiñòèòüòî÷îê ìíîæèíèDc. Âðàõîâóþ÷è âëàñòèâiñòü (6) öèëiíäðè÷íèõ ìíîæèí íàì äîñòàòíüîâêàçàòè öèëiíäð, ùî ïîâíiñòþ ëåæèòü â (a; b), àëå íå ìà¹ ç (a; b) ñïiëüíèõ òî÷îê.Íåõàé a = ∆

Q∗
∞

α1α2...αn... òà b = ∆
Q∗

∞

β1β2...βn...
. Îñêiëüêè a < b ⇒ ∃k : αk < βk òà αj = βjïðè j < k. Òîìó ∆

Q∗
∞

α1α2...αk[αk+1+1] ⊂ (a; b) i ∆Q∗
∞

α1α2...αk[αk+1+1]c ⊂ ∆
Q∗

∞

α1α2...αk[αk+1+1] ⊂ (a; b),à ∆
Q∗

∞

α1α2...αk [αk+1+1]c ∩Dc = ∅.Îòæå, ìíîæèíà Dc ¹ íiäå íå ùiëüíîþ ìíîæèíîþ çà îçíà÷åííÿì.Ïîêàæåìî, ùî λ(Dc) > 0:1) ÿêùî ñ=0, òî λ([0; 1) \(D0)) = q01 + q02(1− q01) + q03(1− q01)(1− q02) + q04(1−
− q01)(1− q02)(1− q03) + . . . = b+ bq(1− b) + bq2(1− b)(1− bq) + bq3(1− b)(1− bq2)(1−
− bq3) + . . . < b(1 + q(1− b) + q2(1− b) + q3(1− b) + . . .) = b(1 +

q(1− b)

1− q
) = 1− q + q2,çâiäêè λ(D0) > q − q2 > 0.2) ÿêùî c ∈ N, òî

λ([0; 1) \(Dc)) = qc1+ qc2(1− qc1)+ qc3(1− qc1)(1− qc2)+ qc4(1− qc1)(1− qc2)(1− qc3)+

+ . . .+ qcc(1− qc1)(1− qc2)(1− qc3) · . . . · (1− qc(c−1)) + qc(c+1)(1− qc1)(1− qc2)(1− qc3) ·
· . . . · (1− qc(c−1))(1− qcc) + qc(c+2)(1− qc1)(1− qc2)(1− qc3) · . . . · (1− qc(c−1)) · (1− qcc) ·
· (1− qc(c+1)) + . . . = bqc + bqc+1(1− bqc) + bqc+2(1− bqc)(1− bqc+1) + bqc+3(1− bqc) ·
· (1− bqc+1)(1− bqc+2) + . . .+ bq2c−1(1− bqc)(1− bqc+1)(1− bqc+2) · . . . · (1− bq2c−2) +

+ (bq2c + 1− qc)(1− bqc)(1− bqc+1)(1− bqc+2) · . . . · (1− bq2c−2)(1− bq2c−1) + bq2c+1 ·
· (1− bqc)(1− bqc+1)(1− bqc+2) · . . . · (1− bq2c−2)(1− bq2c−1)qc(1− bqc) + bq2c+2 ·
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·(1−bqc)(1−bqc+1)(1−bqc+2)· . . .·(1−bq2c−2)(1−bq2c−1)qc(1−bqc)(1−bq2c+1)+. . . = S <

< bqc + bqc+1 + bqc+2 + bqc+3 + . . .+ bq2c−1 + bq2c + 1− qc + bq3c+1(1− bqc)2 + bq3c+2(1−
−bqc)2+. . . = bqc · 1 · (1− qc+1)

1− q
+1−qc+(1− bqc)2bq3c+1

1− q
= 1−q2c+1+(1−qc+qc+1)2q3c+1,çâiäêè ìà¹ìî

λ(Dc) > q2c+1 − (1− qc + qc+1)2q3c+1 > q2c+1 − q3c+1 = q2c+1(1− qc) > 0. �Îöiíèìî ìiðó λ(Dc) çâåðõó.
λ([0; 1) \(Dc)) = S > bqc + bqc+1(1− bqc) + bqc+2(1− bqc)2 + bqc+3(1− bqc)3 + . . .+

+bq2c−1(1−bqc)c−1+bq2c(1−bqc)c+bq3c+1(1−b)c+1(1+(1−bq2c+1)q+(1−bq2c+1)2q2+. . .) =

= bqc + bqc+1(1− b) + bqc+2(1− b)2 + bqc+3(1− b)3 + . . .+ bq2c−1(1− b)c−1 + bq2c(1−
− b)c + bq3c+1(1− b)c+1 1

b(1 + q2(c+1))
>
bqc(1− q2(c+1))

1− q2
+
q4(c+1)−2

1 + qc
=
qc − q3c+2

1 + q
+

+
q4(c+1)−2

1 + qc
.Òîìó, λ(Dc) < 1 +

q3c+2 − qc

1 + q
− q4(c+1)−2

1 + qc
.Íàñëiäîê 1. Äëÿ ìiðè Ëåáåãà ìíîæèíè Dc (c 6= 0) ñïðàâåäëèâî

q2c+1 − (1− qc + qc+1)2q3c+1 < λ(Dc) < 1 +
q3c+2 − qc

1 + q
− q4(c+1)−2

1 + qc
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