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Abstract. We study a binary numeral system with base (−2); it is called negabinary

numeral system sometimes. We consider questions about expansion and representation

of real numbers (positive integer, integer, rational, and irrational numbers) as well as

identification and comparison of numbers. Geometry of this representation of numbers is

described. We also prove that this encoding of numbers by means of two-symbol alphabet

does not generate a new geometry (new metric relations); this is just a trivial conversion

of classic binary representation. We propose new encoding system with two-symbol

alphabet that based on expansions of numbers in alternating series.
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84 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.îáñëóãîâóþòü ñèñòåìè ÷èñëåííÿ. Íàãàäà¹ìî, ùî ñèñòåìîþ ÷èñëåííÿ íàçèâà¹òüñÿ ñó-êóïíiñòü ìàòåìàòè÷íèõ çàñîáiâ (óìîâ) äëÿ1) ïðåäñòàâëåííÿ=ïîäàííÿ (ìàòåìàòè÷íîãî âèðàæåííÿ);2) çîáðàæåííÿ (êîäóâàííÿ, ñêîðî÷åíîãî, �îðìàëüíîãî çàïèñó);3) íàéìåíóâàííÿ ÷èñåë;4) ¨õ iäåíòè�iêàöi¨ òà ïîðiâíÿííÿ;5) à òàêîæ ïîáóäîâè àðè�ìåòèêè, çîêðåìà ïðàâèë àðè�ìåòè÷íèõ äié, îáãðóíòó-âàííÿ îçíàê ïîäiëüíîñòi òîùî.Òàêèì ÷èíîì, äiéñíå ÷èñëî ó ñèñòåìi ÷èñëåííÿ ìà¹ ñâié ìàòåìàòè÷íèé çìiñò i �îðìóiñíóâàííÿ, ùî çàáåçïå÷ó¹òüñÿ óìîâàìè 1) òà 2).Iñíó¹ áàãàòî ïðèíöèïîâî ðiçíèõ äâîñèìâîëüíèõ ñèñòåì çîáðàæåííÿ (êîäóâàííÿ)äiéñíèõ ÷èñåë. Íàéïîøèðåíiøîþ òà øèðîêîâæèâàíiøîþ ñèñòåìîþ, ùî îáñëóãîâó¹ìíîæèíó äiéñíèõ ÷èñåë, ¹ êëàñè÷íà äâiéêîâà ñèñòåìà, â ÿêié àë�àâiò (íàáið öè�ð)ìiñòèòü äâà åëåìåíòè 0 òà 1 i äiéñíå ÷èñëî x ïîäà¹òüñÿ (ïðåäñòàâëÿ¹òüñÿ) ó âèãëÿäiñóìè ñâî¹¨ öiëî¨ òà äðîáîâî¨ ÷àñòèí: x = [x] + {x} = ±u + {x}, äå u ∈ N i
u = an2

n + an−12
n−1 + . . .+ a12 + a0 ≡ (anan−1an−2 . . . a1a0)2, aj ∈ {0; 1},

{x} =
α1

2
+
α2

22
+ . . .+

αn

2n
+ . . . ≡ ∆2

α1α2...αn...
, αj ∈ {0; 1},àáî áiëüø êîìïàêòíî:

x = ±
(

∞∑

n=−∞

an2
n

)

, an ∈ A.Âèíàéäåííÿ öi¹¨ ñèñòåìè íóìåðàöi¨ íàòóðàëüíèõ ÷èñåë ïðèïèñóþòü êèòàéñüêîìóiìïåðàòîðó Ôî �i, ÿêèé æèâ â 4 ñò. äî í.å. Â 1697 ð. �. Ëåéáíiö ðîçðîáèâ ïðàâèëà âè-êîíàííÿ àðè�ìåòè÷íèõ îïåðàöié ó äâiéêîâié ñèñòåìi ÷èñëåííÿ i çâåðíóâ óâàãó íà íàä-çâè÷àéíó ¨õ ïðîñòîòó. Îñîáëèâî¨ ïîïóëÿðíîñòi i çàñòîñîâíîñòi â öè�ðîâié òåõíiöi âîíàïî÷àëà íàáóâàòè ç 1946 ð., êîëè âèäàòíèé àìåðèêàíñüêèé â÷åíèé, �içèê i ìàòåìàòèêÄæîí �îí Íåéìàí ó âiäîìîìó çâiòi Ïðèñòàíñüêîãî iíñòèòóòó äîñëiäæåíü�Ïîïåðåäíiéðîçãëÿä ëîãi÷íèõ êîíñòðóêöié åëåêòðîííî-îá÷èñëþâàëüíîãî ïðèñòðîþ� ïåðåêîíëèâîîáãðóíòóâàâ ïðèíöèïîâi ïåðåâàãè äâiéêîâî¨ íóìåðàöi¨ ÷èñåë ÿê óíiâåðñàëüíîãî (çà-ãàëüíîãî) ñïîñîáó êîäóâàííÿ ií�îðìàöi¨ â öè�ðîâié òåõíiöi.Ïîäàëüøèé ðîçâèòîê öè�ðîâî¨ òåõíiêè (àíàëîãî-öè�ðîâîãî i öè�ðî-àíàëîãîâîãîïåðåòâîðåíü ií�îðìàöi¨) âèÿâèâ êiëüêà ñëàáêèõ ñòîðií (íåäîëiêiâ) êëàñè÷íî¨ äâiéêî-âî¨ ñèñòåìè ÷èñëåííÿ:1) çîáðàæåííÿ (äâiéêîâi êîäè) äâîõ ñóñiäíiõ íàòóðàëüíèõ ÷èñåë ìîæóòü âiä-ðiçíÿòèñü ó âåëèêié êiëüêîñòi ðîçðÿäiâ (íàïðèêëàä, 63 = (0111111)2, 64 =

(1000000)2. Òîìó äëÿ ïåðåõîäó âiä ÷èñëà 63 äî ÷èñëà 64 íåîáõiäíî îäíî÷àñíîçìiíèòè âñi öè�ðè ÷èñëà 63 íà ïðîòèëåæíi);2) ïðè äîäàâàííi äâîõ ÷èñåë ÷àñòî âèíèêàþòü äîâãi ëàíöþæêè ïåðåíîñiâ ç ìî-ëîäøèõ ðîçðÿäiâ â ñòàðøi, ùî ïðèíöèïîâî îáìåæó¹ øâèäêîäiþ ñó÷àñíèõ öè-�ðîâèõ îá÷èñëþâàíèõ ïðèñòðî¨â (çàñîáiâ);



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 853) ó êëàñè÷íié äâiéêîâié íóìåðàöi¨ êîæíîìó íàòóðàëüíîìó ÷èñëó âiäïîâiäà¹ ¹äè-íèé äâiéêîâèé êîä, à äðîáîâié ÷àñòèíi ÷èñëà �� íå áiëüøå äâîõ, òîáòî íà ìîâiòåîði¨ êîäóâàííÿ öå îçíà÷à¹, ùî äàíà ñèñòåìà ìà¹ íóëüîâó íàäëèøêîâiñòü.�Îñêiëüêè â ðåàëüíèõ óìîâàõ çàâæäè ìîæëèâi çáî¨ i âiäìîâè â ðîáîòi öè�ðîâî¨àïàðàòóðè, ÿêà ðåàëiçó¹ äâiéêîâó íóìåðàöiþ, òî â ñèëó íóëüîâî¨ íàäëèøêîâî-ñòi êîäó òàêi çáî¨ i âiäìîâè íå âèÿâëÿþòüñÿ, íàñëiäêîì ÷îãî ¹ íèçüêà ií�îð-ìàöiéíà íàäiéíiñòü öè�ðîâî¨ òåõíiêè, ùî âèêîðèñòîâó¹ êëàñè÷íèé äâiéêîâèéêîä� [14℄.Ñèñòåìîþ ÷èñëåííÿ �� äâiéíèêîì êëàñè÷íî¨ äâiéêîâî¨ ñèñòåìè ¹ íåãà-äâiéêîâà ñè-ñòåìà, îñíîâîþ ÿêî¨ ¹ ÷èñëî −2. Ñàìå ¨é ïðèñâÿ÷åíà äàíà ðîáîòà.Íåãà-äâiéêîâà ñèñòåìà ÷èñëåííÿ âïåðøå áóëà îïèñàíà Âiòòîðiî �ðþíâàëüäîì â éî-ãî ðîáîòi �Intorno all'aritmetia dei sistemi numerii a base negative on partiolareriguardo al sistema numerio a base negative-deimale per lo studio delle sue analogieoll'aritmetia ordinaria (deimale), Giornale di Matematihe di Battaglini� (1885).Òðàäèöiéíî, ìíîæèíó A = {0; 1} íàçèâàþòü àë�àâiòîì äâiéêîâî¨ òà íåãà-äâiéêîâî¨ñèñòåì ÷èñëåííÿ, à ¨¨ åëåìåíòè �� öè�ðàìè. Öè�ðè âèêîíóþòü äâi �óíêöi¨: 1) �óí-êöiþ öiëîãî ÷èñëà, ÿêå ìîæíà äîäàâàòè äî iíøèõ ÷èñåë i íà ÿêå ìîæíà ìíîæèòè iíøi÷èñëà; 2) �óíêöiþ ñèìâîëà äëÿ �îðìàëüíîãî (ñêîðî÷åíîãî) çàïèñó âèðàçiâ (ïðåä-ñòàâëåííÿ ÷èñëà).1. Ïðåäñòàâëåííÿ i çîáðàæåííÿ öiëèõ ÷èñåëËåìà 1. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî ÷èñëà a iñíóþòü ¹äèíå íàòóðàëüíå ÷èñëî ki íàáið ÷èñåë (a0, a1, . . . , a2k−1) òàêèé, ùî aj ∈ A = {0; 1} i
a =1 · 22k + a2k−1(−2)2k−1 + ...+ a2(−2)2 + a1(−2)1 + a0 = (1)
=22k − a2k−12

2k−1 + . . .+ a22
2 − a12 + a02

0 ≡ (1a2k−1a2k−2 . . . a2a1a0)−2. (2)Äîâåäåííÿ. I ñ í ó â à í í ÿ. Ñêîðèñòà¹ìîñü ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.
1. Äëÿ a = 1 ìà¹ìî a = 1 = 20 = (1)−2, à äëÿ a = 2 ìà¹ìî 2 = 22−21+0·20 = (110)−2.
2. Ïðèïóñòèìî iñòèííiñòü òâåðäæåííÿ äëÿ a = n, òîáòî, ùî çíàéøîâñÿ íàáið ÷èñåë

(a1, a2, . . . , a2n−1) òàêèé, ùî
n = 22k − a2k−12

2k−1 + . . .+ a22
2 − a12 + a02

0 ≡ (1a2k−1a2k−2 . . . a2a1a0)−2.

3. �îçãëÿíåìî ÷èñëî n + 1. ßêùî n = (1a2k−1a2k−2 . . . a2a1a0)−2 i a0 = 0, òîáòî ÷èñëî
n ïàðíå, òî î÷åâèäíî, ùî

n+ 1 = (1a2k−1 . . . a2a11)−2.ßêùî a0 = 1, òîáòî n � ÷èñëî íåïàðíå, òî ìîæëèâi äâà âèïàäêè:
1.

{

a1 = 0 = a3 = . . . = a2k−1,

a2 = 1 = a4 = . . . = a2k−2;
(3)

2. Óìîâà (3) íå âèêîíó¹òüñÿ.
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n+ 1 = 22k+2 − 22k+1 + 0 · 22k − 22k−1 + 0 · 22k−2 − 22k−3 − . . .− 21 = (110101 . . . 10)−2,îñêiëüêè
n+1 = (22k +22k−2 + . . .+22 +20) + 1 =

1

3
(22k+2 +2) = 22k+2 − 22k+1− 22k−1 − . . .− 21.�îçãëÿíåìî äðóãèé âèïàäîê. Îñêiëüêè óìîâà (3) íå âèêîíó¹òüñÿ, òî ñåðåä öè�ð

a1, a2, . . . , a2k−1 iñíó¹ ïðèíàéìíi îäíà öè�ðà äëÿ ÿêî¨ âîíà ïîðóøó¹òüñÿ. Íåõàé m� öå ïîðÿäêîâèé íîìåð öi¹¨ öè�ðè. Çðîçóìiëî, ùî m ìîæå áóòè ÿê ïàðíèì, òàê iíåïàðíèì.Íåõàé m � ïàðíå ÷èñëî, òîáòî m = 2s, ç
n =

(

1a2k−1a2k−2 . . . a2s+2a2s+1 00101 . . . 01︸ ︷︷ ︸

2s+1

)

−2

,à îòæå, n = n1 + n0, äå
n1 = 22k − a2k−12

2k−1 + . . .− a2s+12
2s+1,

n0 = 22s−2 + 22s−4 + . . .+ 22 + 20 =

(

1010 . . . 101
︸ ︷︷ ︸

2s−1

)

−2

.Òîäi çà äîâåäåíèì ó ïîïåðåäíüîìó âèïàäêó
n0 + 1 = 22s − 22s−1 − 22s−3 − . . .− 21 =

(

1101010 . . .10
︸ ︷︷ ︸

2s+1

)

−2

,à òîìó
n = n1 + (n0 + 1) =

(

1a2k−1a2k−2 . . . a2s+2a2s+1 110101 . . .10︸ ︷︷ ︸

2s+1

)

−2

.Íåõàé m � ÷èñëî íåïàðíå, òîáòî m = 2s+ 1,
n =

(

1a2k−1a2k−2 . . . a2s+3a2s+2 1101 . . . 0101︸ ︷︷ ︸

2s+2

)

−2

= n1 + n0,äå
n1 = 22k − a2k−12

2k−1 + . . .− a2s+22
2s+2,

n0 = −22s+1 + 22s + 22s−2 + . . .+ 20 =

(

1101010 . . .0101
︸ ︷︷ ︸

2s+2

)

−2

.Òîäi
n0 + 1 =

−22s+1 + 2

3
= −22s−1 − 22s−3 − . . .− 21 =

(

10 . . . 1010
︸ ︷︷ ︸

2s

)

−2

.À îòæå,
n+ 1 = n1 + (n0 + 1) =

(

1a2k−1a2k−2 . . . a2s+3a2s+2 0010 . . . 1010︸ ︷︷ ︸

2s+2

)

−2

.



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 87Òàêèì ÷èíîì, ç iñòèííîñòi òâåðäæåííÿ äëÿ a = 1 i a = n çà ïðèíöèïîì ìàòåìàòè÷íî¨iíäóêöi¨ âèïëèâà¹ iñòèííiñòü òâåðäæåííÿ äëÿ âñiõ íàòóðàëüíèõ n.� ä è í i ñ ò ü. Ïðèïóñòèìî ñóïðîòèâíå, òîáòî, ùî çíàéäåòüñÿ íàòóðàëüíå ÷èñëî a,ÿêå ìà¹ ïðèíàéìíi äâà çîáðàæåííÿ:
a ≡ (1a2k−1a2k−2 . . . a2a1a0)−2 = (1a′2r−1a

′
2r−2 . . . a

′
2a

′
1a

′
0)−2 ≡ a′.Äîâåäåìî, ùî ïðè k > r ìà¹ ìiñöå a > a′. Ç öi¹þ ìåòîþ ðîçãëÿíåìî ðiçíèöþ

a−a′ = (22k−a2k−12
2k−1+. . .+a22

2−a121+a0)−(22r−a′2r−12
2r−1+. . .+a′22

2−a′121+a′0) ≥

≥ (22k − 22k−1 − 22k−3 − . . .− 2a1)− (22r + 22r−2 + . . .+ 22 + 20) =

= 22k +
2

3
(1− 4k) +

1

3
(1− 4r+1) = 4k + 1− 1

3
(2 · 4k + 4r+1) ≥ 4k + 1− 4k = 1.Îòæå, íåîáõiäíîþ óìîâîþ ðiâíîñòi a = a′ ¹ óìîâà k = r. Ïðè ¨¨ âèêîíàííi a− a′ = 0òîäi i òiëüêè òîäi, êîëè a0 = a′0, îñêiëüêè

a− a′ = 2
[
(a′2k−1 − a2k−1)2

2k−2 + (a2k−2 − a′2k−2)2
2k−3 + . . .+

+(a2 − a′2)2
1 + (a′1 − a1)2

0
]
+ (a0 − a′0)i ïåðøèé äîäàíîê ¹ ïàðíèì. Òîäi

0 = 2
[
(a′2k−1 − a2k−1)2

2k−3 + . . .+ (a2 − a′2)2
0
]
+ (a′1 − a1),çâiäêè a1 = a′1. Àíàëîãi÷íî äîâîäèòüñÿ, ùî

a2 = a′2, a3 = a′3, . . . , a2k−1 = a′2k−1. �Çàóâàæåííÿ 1. Çîáðàæåííÿ íàòóðàëüíîãî ÷èñëà ó íåãà-äâiéêîâié ñèñòåìi çàâæäèìiñòèòü íåïàðíó êiëüêiñòü öè�ð.Ëåìà 2. Äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà b iñíó¹ ¹äèíå íàòóðàëüíå ÷èñëî k iâïîðÿäêîâàíèé íàáið íóëiâ òà îäèíèöü b0, b1, b2, . . . , b2k−3, b2k−2, òàêèé, ùî
−b =1 · (−2)2k−1 + b2k−2(−2)2k−2 + b2k−3(−2)2k−3 + . . .− b1(−2)1 + b0(−2)0 = (4)

=− 22k−1 + b2k−22
2k−2 − b2k−32

2k−3 + . . .− b12
1 + b02

0 = (1b2k−2b2k−3 . . . b1b0)−2.(5)Äîâåäåííÿ. I ñ í ó â à í í ÿ ïðîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. 1. Äëÿ b = 1i b = 2 òâåðäæåííÿ î÷åâèäíî ìà¹ ìiñöå, îñêiëüêè
−1 = −21 + 20 = (11)−2, −2 = −21 = (10)−2.

2. Ïðèïóñòèìî iñòèííiñòü òâåðäæåííÿ äëÿ b = n, à ñàìå: iñíó¹ íàáið íóëiâ òà îäèíèöü
(b0, b1, b2, . . . , b2k−2) òàêèé, ùî

−n = −22k−1 + b2k−22
2k−2 − . . .− b12

1 + b02
0 = (1b2k−2b2k−3 . . . b2b1b0)−2.

3. �îçãëÿíåìî ÷èñëî b = n + 1. ßêùî ÷èñëî n ¹ íåïàðíèì, òîáòî b0 = 1, òî
−(n + 1) = (1b2k−2 . . . b2b10)−2.



88 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.ßêùî n � ÷èñëî ïàðíå, òîáòî b1 = 0, òîáòî ìîæëèâi äâà âèïàäêè:
1.

{

b1 = 0 = b3 = . . . = b2k−3 = b2k−1,

b0 = 1 = b4 = . . . = b2k−4 = b2k−2;
(6)

2) Óìîâà (6) íå âèêîíó¹òüñÿ.Ó ïåðøîìó âèïàäêó
−(n + 1) =

(

1010 . . . 1010
︸ ︷︷ ︸

2k

)

−2

− 1 = −22k−1 − 22k−3 − . . .− 23 − 21 − 1 =

= −2(22k − 1)

3
− 1 =

−22k+1 + 2

3
− 1 =

−22k+1 − 1

3
.Òîäi

−(n + 1) = −22k+1 + 22k + 22k−2 + . . .+ 22 + 20 =



110101 . . .01
︸ ︷︷ ︸

2k+2





−2

,îñêiëüêè


110101 . . . 01
︸ ︷︷ ︸

2k+2





−2

= −22k+1 + (22k + 22k−2 + . . .+ 22) + 20 = −22k+1 +
22k+2 − 4

3
+ 1 =

=
−3 · 22k+1 + 2 · 22k+1 − 1

3
=

−22k+1 − 1

3
.�îçãëÿíåìî äðóãèé âèïàäîê, äëÿ ÿêîãî óìîâà (6) íå âèêîíó¹òüñÿ, òîáòî ñåðåä öè�ð

b0, b1, b2, . . . , b2k−2 iñíó¹ ïðèíàéìíi îäíà öè�ðà äëÿ ÿêî¨ âîíà ïîðóøó¹òüñÿ. Íåõàé m� öå ïîðÿäêîâèé íîìåð öi¹¨ öè�ðè. Çðîçóìiëî, ùî m ìîæå áóòè ÿê ïàðíèì, òàê iíåïàðíèì.Íåõàé m � ïàðíå ÷èñëî, òîáòî m = 2s, à ñàìå: b2s = 0.ßêùî b0 = 0, òî
−(n + 1) =

(
−22k−1 + 2k + 22k−2 + . . .+ 22

)
− 1 =

=
(
−22k−1 + 2k + 22k−2 + . . .+ 22

)
− 21 + 1 =

(

11010 . . . 0111
︸ ︷︷ ︸

2k

)

−2

.ßêùî b2s = 0, àëå b0 = b2 = . . . = b2s−2 = 1, òî
−(n + 1) = (110101 . . .0100 01 . . .0101

︸ ︷︷ ︸

2s

)−2 − 1 = (110101 . . .0100 01 . . .0100
︸ ︷︷ ︸

2s

)−2.ßêùî ÷èñëî m íåïàðíå, òî n � íåïàðíå i äëÿ íüîãî òâåðäæåííÿ äîâåäåíå âèùå.� ä è í i ñ ò ü. Ïðèïóñòèìî ñóïðîòèâíå, à ñàìå: íåõàé iñíó¹ íàòóðàëüíå ÷èñëî b,äëÿ ÿêîãî ÷èñëî −b ìà¹ íàñòóïíi äâà çîáðàæåííÿ
−b ≡ (1b2k−2b2k−3 . . . b2b1b0)−2 = (1b′2r−2b

′
2r−3 . . . b

′
2b

′
1b

′
0)−2 ≡ −b′.



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 89Ñïî÷àòêó äîâåäåìî, ùî ïðè k > r ìà¹ ìiñöå íåðiâíiñòü b > b′, òîáòî −b < −b′. Äëÿöüîãî ðîçãëÿíåìî ðiçíèöþ:
b− b′ =(22k−1 − b2k−22

2k−2 + . . .+ b12
1 − b0)− (22r−1 − b′2r−22

2r−2 + . . .+ b′12
1 − b′0) ≥

≥(22k−1 − 22k−2)− (22k−3 + 22k−4 + ...+ 22 + 21 + 20) =

=22k−2 − (22k−2 − 1) = 1 > 0.Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü íåðiâíiñòü.Íåõàé òåïåð k = r. Ìà¹ìî
0 = b−b′ = (b′2k−2−b2k−2)2

2k−2+(b2k−3−b′2k−3)2
2k−3+...+(b′2−b2)22+(b1−b′1)2+(b′0−b0)20.Îñòàííÿ ðiâíiñòü ìà¹ ìiñöå òîäi i òiëüêè òîäi, êîëè bi = b′i, i = 1, 2k − 2, îñêiëüêè

2m−(2m−1+ ...+21+20) ≥ 1 äëÿ áóäü-ÿêîãîm ∈ N . �äèíiñòü i âñþ ëåìó äîâåäåíî. �Çàóâàæåííÿ 2. Çîáðàæåííÿ öiëîãî âiä'¹ìíîãî ÷èñëà ó íåãà-äâiéêîâié ñèñòåìi ÷è-ñëåííÿ çàâæäè ìiñòèòü ïàðíó êiëüêiñòü öè�ð.Òåîðåìà 1. Äëÿ äîâiëüíîãî öiëîãî ÷èñëà c iñíó¹ ¹äèíèé íàáið íóëiâ òà îäèíèöü
(c0, c1, . . . , cn−1cn), cn ∈ A, òàêèé, ùî

c = cn(−2)n + cn−1(−2)n−1 + . . .+ c1(−2)1 + c0(−2)0.Äîâåäåííÿ. Äëÿ c = 0 òàêèì íàáîðîì ¹ c0 = c1 = . . . = cn = 0 äëÿ äîâiëüíîãî n ∈ N.Òîìó çîáðàæåííÿì ÷èñëà 0 ââàæàòèìåìî (0)−2, òîáòî 0 = (0)−2.Äëÿ öiëèõ ÷èñåë, âiäìiííèõ âiä íóëÿ, äàíå òâåðäæåííÿ âèïëèâà¹ ç äâîõ ïîïåðåäíiõëåì. �Çàóâàæèìî, ùî ÷èñëà Ìåðñåíà (òîáòî ÷èñëà âèäó Mn = 2n − 1, n ∈ N , à ñàìå òàêi,ùî â êëàñè÷íié äâiéêîâié ñèñòåìi ÷èñëåííÿ çàïèñóþòüñÿ òiëüêè îäíèìè îäèíèöÿìè,áåç íóëiâ) ó íåãà-äâiéêîâié ñèñòåìi ÷èñëåííÿ ìàþòü çîáðàæåííÿ:
M2k = 22k − 1 = (10...011

︸ ︷︷ ︸

2k+1

)−2

M2k−1 = 22k−1 − 1 = (110...011
︸ ︷︷ ︸

2k+1

)−2.2. Ïîðiâíÿííÿ íàòóðàëüíèõ ÷èñåëÒåîðåìà 2. Íåõàé a = (1a2k−1 . . . a1a0)−2, b = (1b2r−1 . . . b1b0)−2:1) ÿêùî k > r, òî a > b;2) ÿêùî k = r i aj = bj, j = 0, 2k − 1, òî a = b;3) ÿêùî k = r i am 6= bm, àëå aj = bj ïðè j > m, òî3.1. a > b, êîëè m � ïàðíå i am = 1 àáî m � íåïàðíå i am = 0;3.2. a < b, êîëè m � ïàðíå i am = 0 àáî m � íåïàðíå i am = 1.



90 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.Äîâåäåííÿ. 1) Ñïðàâäi,
a− b ≥ (22k − 22k−1 − 22k−3 − . . .− 21)− (22r + 22r−2 + . . .+ 22 + 20) =

= 22k − 2

4− 1
(2k − 1)− 1

4− 1
(2r+1 − 1) =

=
3 · 22k − 2k+1 + 2− 2k+1 + 1

3
=

=
2r(3 · 22k−r − 2k−r+1 − 2)

3
+ 1 =

=
2k(2k−r(3 · 2k − 1)− 2)

3
+ 1 > 0.2) Äðóãå òâåðäæåííÿ ¹ î÷åâèäíèì.3) Äîâåäåìî òðåò¹ òâåðäæåííÿ. 3.1. Íåõàé m � ÷èñëî ïàðíå, òîáòî m = 2n.�îçãëÿíåìî ðiçíèöþ

a− b = 2m(am − bm)− 2m−1(am−1 − bm−1) + . . .− 21(a1 − b1) + 20(a0 − b0).ßêùî am = 1 (à îòæå, bm = 0), òî
a− b ≥ 22n − 22n−1 − 22n−2 − . . .− 21 − 20 = 22n − (22n − 1) = 1 > 0.ßêùî am = 0 (à îòæå, bm = 1), òî

a− b ≤ −22n + 22n−1 + . . .+ 21 + 20 = −1 < 0.3.2. Íåõàé m � ÷èñëî íåïàðíå, òîáòî m = 2n− 1. Òîäi
a− b = −2m(am − bm) + 2m−1(am−1 − bm−1) = . . .+ 21(a1 − b1)− 20(a0 − b0).ßêùî am = 0 (à îòæå, bm = 1), òî

a− b ≥ 22n − 22n−1 − . . .− 21 − 20 = 1, òîáòî a > b.ßêùî am = 1 (à îòæå, bm = 0), òî
a− b ≤ −22n + 22n−1 + . . .+ 21 + 20 = −1, òîáòî a < b.Òâåðäæåííÿ 3) i âñþ òåîðåìó äîâåäåíî. �3. Îçíàêè ïîäiëüíîñòiËåìà 3. ×èñëî a = (1a2k−1a2k−2 . . . a1a0)−2 çàäîâîëüíÿ¹ íåðiâíiñòü
(11010 . . . 10)−2 =

4k + 2

3
≤ a ≤ 4k+1 − 1

3
= (1010 . . . 101)−2.Äîâåäåííÿ. Ñïðàâäi,

a ≤ 22k + 22k−2 + . . .+ 22 + 20 =
4k+1 − 1

3
,

a ≥ 22k − 22k−1 − 22k−3 − . . .− 21 =
4k + 2

3
,ùî é âèìàãàëîñü íàâåñòè. �



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 91Òåîðåìà 3. ×èñëî a = (1a2k−1a2k−2 . . . a1a0)−2 äiëèòüñÿ íà 3 òîäi i òiëüêè òîäi,êîëè ñóìà éîãî öè�ð äiëèòüñÿ íà 3, òîáòî
a
... 3 ⇔ 1 +

2k−1∑

i=0

ai ≡ s
... 3.Äîâåäåííÿ. Îñêiëüêè

22k ≡ 1(mod 3), òîáòî 22k = 3q + 1,à
22k−1 ≡ 2(mod 3), òîáòî 22k−1 = 3q − 1, q ∈ N,òî

a = 1− a2k−1(3q1 − 1) + a2k−2(3q2 + 1)− . . .− a1(3q2k−1) + a0 =

= S − 3(a2k−1q1 − a2k−2q2 + . . .+ a1q2k−1).Çâiäñè áà÷èìî, ùî a ... 3 òîäi i òiëüêè òîäi, êîëè S ... 3. �Çàóâàæåííÿ 3. Îçíàêè ïîäiëüíîñòi íàòóðàëüíîãî ÷èñëà íà 3 ó äåñÿòêîâié òà íåãà�äâiéêîâié ñèñòåìàõ ÷èñëåííÿ iäåíòè÷íi.4. Äîäàâàííÿ íàòóðàëüíèõ ÷èñåë�îçãëÿä ðîçïî÷íåìî ç âèïàäêó, êîëè äîäàíêè a i b ìàþòü îäíàêîâó êiëüêiñòü öè�ð.Íåõàé a = (1a2k−1a2k−2 . . . a1a0)−2, b = (1b2k−1b2k−2 . . . b1b0)−2. ×èñëî c = a + b ìà¹�îðìàëüíèé çàïèñ
c = (2c2k−1c2k−2...c1c0)−2 ≡ 2(−2)2k + c2k−1

2k−1 + c2k−2(−2)2k−2 + ...+ c1(−2)1 + c0,ÿêèé íå ¹ íåãà-äâiéêîâèì çîáðàæåííÿì ÷èñëà c, îñêiëüêè ìiñòèòü ¾öè�ðó¿ (êîå�i-öi¹íò) 2 i ìîæëèâî äåÿêi ci = 2. Ïîòðiáíî çâiëüíèòèñü âiä ïåðåïîâíåíèõ ðîçðÿäiâ.Îñêiëüêè
1(−2)2k + 1(−2)2k = 2(−2)2k = 1(−2)2k+2 + 1(−2)2k+1 + 0(−2)2k,òî

a+ b = 2 · 22k − c2k−1 · 22k−1 + c2k−2 · 22k−2 − . . .− c1 · 21 + c0 · 20 =
= 22k+2 − 22k+1 + 0 · 22k − c2k−1 · 22k−1 + c2k−2 · 22k−2 − . . .− c1 · 21 + c0 · 20,äå ci = ai + bi. ßêùî âñi ci ∈ {0; 1}, òî a + b = c ≡ (110c2k−1 . . . c1c0)−2, çîêðåìà,

(1 0 . . . 0
︸ ︷︷ ︸

2k

)−2 + (1 0 . . . 0
︸ ︷︷ ︸

2k

)−2 = (11 0 . . . 0
︸ ︷︷ ︸

2k+1

)−2.Íåõàé iñíó¹ cm = 2, ïðè÷îìó ci ∈ {0, 1} ïðè i < m. ×èñëî m ìîæå áóòè ïàðíèì iíåïàðíèì. ßêùî m � ïàðíå, òîáòî m = 2r, òî
cm(−2)m = 2(−2)2r = 1(−2)2r+2 + 1(−2)2r+1 = 1(−2)m+2 + 1(−2)m+1.



92 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.Íåõàé m = 2r − 1. Òîäi
cm(−2)m = cm(−2)2r−1 = 2(−2)2r−1 = 1(−2)2r+1 + 1(−2)2r = 1(−2)m+2 + 1(−2)m+1.Îòæå, íà ìiñöi öè�ðè ïåðåïîâíåíîãî íà 1 ðîçðÿäó çàïèñó¹òüñÿ íóëü, à öè�ðè äâîõñòàðøèõ ðîçðÿäiâ çáiëüøóþòüñÿ íà îäèíèöþ. Öå âiäáóâà¹òüñÿ çà ðàõóíîê òîãî, ùî÷èñëî 2 ó íåãà-äâiéêîâié ñèñòåìi ìà¹ íàñòóïíå çîáðàæåííÿ (110)−2.Çà ðàõóíîê âèêîíàíîãî êðîêó îòðèìó¹ìî �îðìàëüíèé çàïèñ

c = (110c2k−1...c
′
m+2c

′
m+10cm−1...c1c0)−2, äå c′m+1 = cm+1 + 1, c′m+2 = cm+2 + 1.ßêùî c′m+1 ∈ {0; 1}, c′m+2 ∈ {0, 1}, cj ∈ {0, 1} ïðè j > m+2, òî îäåðæàíèé �îðìàëü-íèé çàïèñ ¹ íåãà-äâiéêîâèì çîáðàæåííÿì ÷èñëà c . Â ïðîòèëåæíîìó âèïàäêó ïðîöåñçâiëüíåííÿ âiä íåâëàñòèâèõ äëÿ ñèñòåìè öè�ð 2 àáî 3 = (111)−2 ïðîäîâæó¹òüñÿ.ßêùî c′m+1 = 2, òî íà ìiñöi (m + 1)-î¨ íåãà-äâiéêîâî¨ öè�ðè ÷èñëà c çàïèñó¹ìî 0(îñòàííþ öè�ðó íåãà-äâiéêîâîãî çîáðàæåííÿ (110)−2 ÷èñëà 2), à öè�ðè äâîõ íàñòó-ïíèõ ñòàðøèõ ðîçðÿäiâ çáiëüøóþòüñÿ íà 1.ßêùî c′m+1 = 3, òî íà ìiñöi (m + 1)-î¨ íåãà-äâiéêîâî¨ öè�ðè ÷èñëà c çàïèñó¹ìî 1(îñòàííþ öè�ðó íåãà-äâiéêîâîãî çîáðàæåííÿ (111)−2 ÷èñëà 3), à öè�ðè äâîõ íàñòó-ïíèõ ñòàðøèõ ðîçðÿäiâ çáiëüøóþòüñÿ íà 1. �åçóëüòàòîì öüîãî êðîêó ¹ �îðìàëüíèéçàïèñ

c = (110c2k−1...c
′
m+3c

′′
m+2c

′′
m+10cm−1...c1c0), äå c′′m+1 ∈ {0, 1},

c′′m+2 = c′m+2 + 1 = cm+2 + 2, c′m+3 = cm+3 + 1.×èñëî c′′m+2 ∈ {2, 3, 4} i òîìó öè�ðîþ íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñëà c íå ¹.ßêùî c′′m+2 ∈ {2, 3}, òî äi¹ìî çà âêàçàíèì ïðàâèëîì: (m + 2)-îþ íåãà-äâiéêîâîþöè�ðîþ ÷èñëà c ¹ öè�ðà c′′′m+2, ÿêà ñïiâïàäà¹ ç öè�ðîþ: 0, ÿêùî c′′m+2 = 2, i 1, ÿêùî
c′′m+2 = 2. Ïðè öüîìó ¾öè�ðè¿ (êîå�iöi¹íòè) äâîõ íàñòóïíèõ ñòàðøèõ ðîçðÿäiâ çáiëü-øóþòüñÿ íà 1.ßêùî c′′m+2 = 4 = (100)−2, òî (m+ 2)-ãà öè�ðà íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñëà
c äîðiâíþ¹ 0, à öè�ðà (m+ 4)-ãî ðîçðÿäó çáiëüøó¹òüñÿ íà 1.Îòðèìó¹ìî çàïèñ
c = (110c2k−1...c

′
m+4c

′′
m+3c

′′′
m+2c

′′
m+10cm−1...c1c0), äå c′′m+2, c

′′
m+1− ïðàâèëüíi, òîáòî ∈ {0, 1}.Îñêiëüêè c′′m+3 ∈ {2, 3, 4}, à ñàìå c′′′m+3 =







c′′m+3 + 1, ÿêùî c′′m+2 = 2 àáî 3,

c′′m+3, ÿêùî c′′m+2 = 4,
òî ïðà-âèëüíó (m+ 3)-þ öè�ðó íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñëà c âñòàíîâëþ¹ìî àíàëîãi-÷íî äî òîãî, ÿê öå ðîáèëîñü äëÿ m+ 2-î¨ öè�ðè i ò.ä.
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+11 = (11111)−2

11 = (11111)−2

22 = (22222)−2 =

= (22330)−2 =

= (23410)−2 =

= (33010)−2 =

= (141010)−2 =

= (1101010)−2.Âêàçàíèé àëãîðèòì ìîæíà âèêîðèñòàòè i òîäi, êîëè ó íåãà-äâiéêîâîìó çîáðàæåííi÷èñåë a i b ðiçíà êiëüêiñòü öè�ð. Ó öüîìó âèïàäêó äi¹ìî íàñòóïíèì ÷èíîì: ïðè k > r

c = a + b = (1a2k−1...a1a0)−2 + (1b2r−1...b1b+0)−2 = (1a2k−1...a2r+1c2rc2r−1...c1c0)−2,äå ci = ai + bi ïðè i = 0, 2r − 1, c2r = a2r + 1.Çàóâàæåííÿ 4. Ïåðåïîâíåííÿ ðîçðÿäó ïðè äîäàâàííi íàòóðàëüíèõ ÷èñåë ó ¨õ íåãà-äâiéêîâîìó çîáðàæåííi çà âêàçàíèì àëãîðèòìîì íå ïåðåâèùó¹ 3.5. Çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíèõ ÷èñåëÒåîðåìà 4. Äëÿ äîâiëüíîãî x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (ωn), ωn ∈ A, òàêà, ùî
x =

2

3
+

∞∑

n=1

ωn

(−2)n
=

2

3
− ω1

2
+
ω2

22
− ω3

23
+
ω4

24
− . . . =

=
2

3
−
(ω1

2
− ω2

22
+
ω3

23
− ω4

24
+ . . .

)

. (7)Äîâåäåííÿ. �îçãëÿíåìî êëàñè÷íå äâiéêîâå çîáðàæåííÿ ÷èñëà x i éîãî ÷åòâiðêîâå çî-áðàæåííÿ
x = ∆2

α1α2...αn...
≡ α1

2
+
α2

22
+ . . .+

αn

2n
+ . . . = ∆4

β1β2...βn...
≡

∞∑

n=1

βn
4n
,äå αn ∈ {0; 1} ≡ A2, βn = 2α2n−1 + α2n ∈ {0, 1, 2, 3} ≡ A4, n = 1, 2, . . ..�îçêëàäåìî êîæíå ç ÷èñåë βn ∈ A4 â ñóìó äâîõ äîäàíêiâ 2(1 − ω2n−1) + ω2n, äå

ωi ∈ A2. Î÷åâèäíî, ùî òàêèé ðîçêëàä ¹äèíèé:äëÿ βn = 0 ìà¹ìî ω2n−1 = 1, ω2n = 0;äëÿ βn = 1 ìà¹ìî ω2n−1 = 1, ω2n = 1;äëÿ βn = 2 ìà¹ìî ω2n−1 = 0, ω2n = 0;äëÿ βn = 3 ìà¹ìî ω2n−1 = 0, ω2n = 1.
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x =

∞∑

n=1

2− 2ω2n−1 + ω2n

4n
=

∞∑

n=1

2

4n
−

∞∑

n=1

2ω2n−1 − ω2n

2n
=

=
2

3
−

∞∑

n=1

(
2ω2n−1

22n
− ω2n

22n

)

=
2

3
−

∞∑

n=1

(ω2n−1

22n−1
− ω2n

22n

)

=
2

3
+

∞∑

k=1

ωk

(−2)k
,ùî é âèìàãàëîñü äîâåñòè. �Îçíà÷åííÿ 1. Ïîäàííÿ ÷èñëà x ∈ [0; 1] ó �îðìi (7) ñèìâîëi÷íî (ñêîðî÷åíî) ïîçíà-÷àòèìåìî ∆−2

ω1ω2...ωn...
i íàçèâàòèìåìî íåãà-äâiéêîâèì çîáðàæåííÿì àáî êîðîòêî ÍÄ-çîáðàæåííÿì.6. Çâ'ÿçîê íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñåë ç êëàñè÷íèì äâiéêîâèìÒåîðåìà 5. Äëÿ áóäü�ÿêîãî ÷èñëà x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (τn) ∈ L2 òàêà, ùî

x =
2

3
+

∞∑

n=1

τn
(−2)n

≡ ∆
2

τ1τ2...τn...
= (8)

= 1− γ1
2

+
γ2
22

− γ3
23

+ . . . = 1 +

∞∑

n=1

γn
(−2)n

, (9)äå γn ∈ {1, 2}.Äîâåäåííÿ. Äîáðå âiäîìî, ùî äëÿ ÷èñëà x iñíó¹ ïîñëiäîâíiñòü (αn) ∈ L2 òàêà, ùî
x =

α1

2
+
α2

22
+ . . .+

αn

2n
+ . . . .Òîäi

x = 1− 1 +
α1

2
+
α2 + 1

22
− 1

22
+
α3

23
+
α4 + 1

24
− 1

24
+
α5

25
+ . . . =

= 1− 2− α1

2
+
α2 + 1

22
− 2− α3

23
+
α4 + 1

24
− 2− α5

25
+ . . . =

= 1− γ1
2

+
γ2
22

− γ3
23

+
γ4
24

− γ5
25

+ . . . =

= 1 +
γ1

(−2)1
+

γ2
(−2)2

+
γ3

(−2)3
+

γ4
(−2)4

+
γ5

(−2)5
+ . . . ,äå γn =







2− αn, ÿêùî n� íåïàðíå,
αn + 1, ÿêùî n� ïàðíå, γn ∈ {1, 2}.ßêùî ïîêëàñòè τn ≡ γn − 1, òî τn ∈ {0, 1} i ìà¹ìî
x = 1 +

τ1
(−2)1

− 1

2
+

τ2
(−2)2

+
1

22
+

τ3
(−2)3

− 1

23
+

τ4
(−2)4

+
1

24
+ . . . .Îñêiëüêè 1− 1

2
+

1

22
− 1

23
+ . . . =

2

3
, òî

x =
2

3
+

∞∑

n=1

τn
(−2)n

, äå τn ∈ A2,ùî é âèìàãàëîñü äîâåñòè. �



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 95Îçíà÷åííÿ 2. �îçêëàä ÷èñëà x ó ðÿä (9) íàçèâà¹òüñÿ éîãî íåãà�äâiéêîâèì ïðåäñòàâ-ëåííÿì, à éîãî �îðìàëüíèé çàïèñ ∆
2

τ1τ2...τn...
� íåãà�äâiéêîâèì çîáðàæåííÿì. Ïðèöüîìó τn íàçèâà¹òüñÿ n�îþ öè�ðîþ äàíîãî çîáðàæåííÿ.Çàóâàæåííÿ 5. Õiä äîâåäåííÿ òåîðåìè 5 âêàçó¹ íà çâ'ÿçîê äâiéêîâîãî òà íåãà�äâiéêîâîãî çîáðàæåíü îäíîãî i òîãî æ ÷èñëà, à ñàìå: öè�ðè τn íåãà�äâiêîâîãî çîáðà-æåííÿ ∆

2

τ1τ2...τn...
÷èñëà x = ∆2

α1α2...αn...
îá÷èñëþþòüñÿ çà �îðìóëîþ

τn =







1− αn, ÿêùî n� íåïàðíå,
αn, ÿêùî n� ïàðíå.ßêùî æ âiäîìå íåãà�äâiéêîâå çîáðàæåííÿ ÷èñëà x = ∆

2

τ1τ2...τn...
, òî öè�ðè éîãî äâié-êîâîãî çîáðàæåííÿ ìîæíà îòðèìàòè çà �îðìóëàìè:

αn =







1− τn, ÿêùî n� íåïàðíå,
τn, ÿêùî n� ïàðíå.Îòæå, ∆2

a1a2...an...
= ∆

2

[1−a1]a2[1−a3]a4[1−a5]a6...
.Öå äà¹ ïiäñòàâó ñòâåðäæóâàòè, ùî íåãà�äâiéêîâå çîáðàæåííÿ ïî ñâî¨é ñóòi ¹ ëèøåïåðåêîäóâàííÿì äâiéêîâîãî çîáðàæåííÿ ÷èñëà x. Äëÿ áiëüø ïîâíîãî îá ðóíòóâàííÿòàêîãî âèñíîâêó ïðîâåäåìî àíàëiç éîãî òîïîëîãî�ìåòðè÷íèõ âëàñòèâîñòåé.7. Íåãà�äâiéêîâî-ðàöiîíàëüíi ÷èñëà (ÍÄ�-÷èñëà)Ëåìà 4. ×èñëà x i x′, ÿêi ìàþòü íåãà-äâiéêîâi çîáðàæåííÿ

∆−2
c1...cm0(01) i ∆−2

c1...cm1(10) (10)âiäïîâiäíî, ðiâíi.Äîâåäåííÿ. �îçãëÿíåìî ðiçíèöþ
|x′ − x| = 1

2m

∣
∣
∣
∣

1

2
− 1

22
− 1

24
− 1

26
− . . .−

(
1

23
+

1

25
+

1

27
+ . . .

)∣
∣
∣
∣
=

=
1

2m

∣
∣
∣
∣

1

2
− 1

22
· 1

1− 1
22

− 1

23
· 1

1− 1
22

∣
∣
∣
∣
=

1

2m

∣
∣
∣
∣

1

2
− 1

3
− 1

6

∣
∣
∣
∣
= 0.

�Ìîæíà ëåãêî äîâåñòè, ùî íå iñíó¹ ÷èñåë, ÿêi ìàþòü áiëüøå äâîõ çîáðàæåíü, ëèøå÷èñëà âèäó (10) ìàþòü ¨õ äâà. ×èñëà, ÿêi ìàþòü äâà íåãà-äâiéêîâèõ çîáðàæåííÿ,íàçèâàþòüñÿ íåãà-äâiéêîâî-ðàöiîíàëüíèìè.Íåãà-äâiéêîâî ðàöiîíàëüíi ÷èñëà óòâîðþþòü âñþäè ùiëüíó â [0; 1] ïiäìíîæèíó ðà-öiîíàëüíèõ ÷èñåë, àëå íå êîæíå ðàöiîíàëüíå ÷èñëî ¹ íåãà-äâiéêîâî-ðàöiîíàëüíèì.Íàïðèêëàä, ÷èñëî ∆−2
c1...cm(0) ¹ ðàöiîíàëüíèì, àëå íå ¹ íåãà-äâiéêîâî-ðàöiîíàëüíèì.Ìíîæèíà ðàöiîíàëüíèõ ÷èñåë, ùî íå ¹ íåãà-äâiéêîâî-ðàöiîíàëüíèìè, ¹ ùiëüíîþ óâiäðiçêó [0; 1].



96 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.×èñëà âiäðiçêà [0; 1], ÿêi íå ¹ íåãà-äâiéêîâî-ðàöiîíàëüíèìè, íàçèâàþòüñÿ íåãà-äâiéêîâî-iððàöiîíàëüíèìè. Êîæíå íåãà-äâiéêîâî-iððàöiîíàëüíå ÷èñëî ¹ iððàöiîíàëü-íèì. Êîæíà öè�ðà çîáðàæåííÿ íåãà-äâiéêîâî-iððàöiîíàëüíîãî ÷èñëà ¹ êîðåêòíî îçíà-÷åíîþ �óíêöi¹þ ÷èñëà, ùî çîáðàæà¹òüñÿ. Äëÿ íåãà-äâiéêîâî-ðàöiîíàëüíèõ ÷èñåë öåáóäå òîäi, êîëè ìè äîìîâèìîñÿ âèêîðèñòîâóâàòè ëèøå îäíå ç äâîõ iñíóþ÷èõ çîáðà-æåíü, íàïðèêëàä, ïåðøå òîáòî çîáðàæåííÿ ç ïåðiîäîì (01).8. Êðèòåðié ðàöiîíàëüíîñòi ÷èñëà ó íåãà-äâiéêîâîìó çîáðàæåííiÒåîðåìà 6. Äëÿ òîãî, ùîá ÷èñëî x ∈ [0; 1] áóëî ðàöiîíàëüíèì, íåîáõiäíî i äîñòà-òíüî, ùîá éîãî íåãà-äâiéêîâå çîáðàæåííÿ áóëî ïåðiîäè÷íèì.Äîâåäåííÿ. Í å î á õ i ä í i ñ ò ü. Íåõàé x� ðàöiîíàëüíå ÷èñëî, x ∈ [0; 1]. Äîâåäåìî, ùîéîãî íåãà-äâiéêîâå çîáðàæåííÿ ¹ ïåðiîäè÷íèì. Äëÿ ÷èñåë 0 i 1 öå î÷åâèäíî âèêîíó¹-òüñÿ, îñêiëüêè äëÿ x = 0 = ∆−2
(10), x = 1 = ∆−2

(01). Íåõàé 0 < x < 1. Òîäi çãiäíî ç âiäîìèìêðèòåði¹ì x ìà¹ìî ïåðiîäè÷íå äâiéêîâå çîáðàæåííÿ, òîáòî x = ∆2
α1α2...αm(c1c2...cp)

.Îñêiëüêè (c2 . . . cpc1) � òåæ ¹ ïåðiîäîì, òî, íå ïîðóøóþ÷è çàãàëüíîñòi, ìîæíà ââà-æàòè, ùî m � ÷èñëî ïàðíå (m = 2k).Îñêiëüêè (c1c2 . . . cpc1c2 . . . cp) � òåæ ¹ ïåðiîäîì, òî, íå ïîðóøóþ÷è çàãàëüíîñòi,ìîæíà ââàæàòè, ùî p ¹ ÷èñëîì ïàðíèì (p = 2l). Òîäi
x = ∆2

α1α2...α2k(c1c2...c2l)
=
α1

2
+
α2

22
+ . . .+

α2k−1

22k−1
+
α2k

22k
+

+
1

22k

(c1
2
+
c2
22

+ . . .+
c2l−1

22l−1
+
c2l
22l

)

++
1

22k+2l

(c1
2
+
c2
22

+ . . .+
c2l−1

22l−1
+
c2l
22l

)

+ . . . =

=
β1
4

+
β2
42

+ . . .+
βk
4k

+
1

4k

(γ1
4

+
γ2
42

+ . . .+
γl
4l

)

+
1

4k+l

(γ1
4

+
γ2
42

+ . . .+
γl
4l

)

+ . . . =

= ∆4
β1β2...βk(γ1γ2...γl)

,äå
βi = 2α2i−1 + α2i, i = 1, k, γi = 2c2j−1 + c2j, j = 1, l.Çâiäñè
x =

2− 2α1 + α2

4
+

2− 2α3 + α4

42
+ . . .+

2− 2α2k−1 + α2k

4k
+

+
1

4k

(
2− 2d1 + d2

4
+

2− 2d3 + d4
42

+ . . .+
2− 2d2l−1 + d2l

4l

)

+

+
1

4k+l

(
2− 2d1 + d2

4
+

2− 2d3 + d4
42

+ . . .+
2− 2d2l−1 + d2l

4l

)

+ . . . ,äå
βi = 2− 2α2i−1 + α2i, γi = 2− 2d2i−1 + d2i.Òîäi

x =
∞∑

k=1

2

4k
− α1

2
+
α2

22
− α3

23
+ . . .+

α2k

22k
−
(
d1
22k

− d2
22k+1

+ . . .+
d2l−1

22(k+l)−1
− d2l

22(k+l)

)

+ . . . =

= ∆−2
α1α2...α2k(d1d2...d2l)

,
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∆−2

c1c2...cm(a1a2...ap)äåÿêîãî ÷èñëà x ∈ [0; 1]. Òîäi
x =

m∑

i=1

(−1)i−1ci
2i

+
(−1)mA

2m
+

(−1)m+p−1A

2m+p
+

(−1)m+2p−1A

2m+2p
+ . . . =

=
m∑

i=1

(−1)i−1ci
2i

+
(−1)m−1A

2m

(

1 +
(−1)p

2p
+

(−1)2p

22p
+ . . .

)

=

=
m∑

i=1

(−1)i−1ci
2i

+
(−1)m−1A

2m
· 1

1− (−1)p

2p

,äå A =
a1
2

− a2
22

+ . . .+
(−1)p−1ap

2p
.À îòæå, ÷èñëî x, áóäó÷è ñóìîþ äâîõ ðàöiîíàëüíèõ ÷èñåë, ¹ ðàöiîíàëüíèì ÷èñëîì.Ëåìó äîâåäåíî. �9. Iíâåðñîð öè�ð íåãà-äâiéêîâîãî çîáðàæåííÿ äðîáîâî¨ ÷àñòèíèäiéñíîãî ÷èñëàÄîìîâèâøèñü âèêîðèñòîâóâàòè ëèøå îäíå ç äâîõ iñíóþ÷èõ çîáðàæåíü íåãà-äâiéêîâèõ÷èñåë, îçíà÷èìî �óíêöiþ I(x) ðiâíiñòþ

I(x) = I(∆−2
ω1(x)ω2(x)...ωn(x)...

) = ∆−2
[1−ω1(x)][1−ω2(x)]...[1−ωn(x)]...

,ÿêó íàçèâàòèìåìî iíâåðñîðîì öè�ð íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñåë.Ëåìà 5. Iíâåðñîð öè�ð íåãà-äâiéêîãî çîáðàæåííÿ ÷èñåë ¹ ëiíiéíîþ �óíêöi¹þ, à ñàìå:
I(x) = 1

3
− x.Äîâåäåííÿ. Ñïðàâäi,

I(x) =∆−2
[1−ω1][1−ω2]...[1−ωn]...

=

=
2

3
− 1− ω1

2
+

1− ω2

22
− ...+

1− ω2n−1

22n−1
+

1− ω2n

22n
− ...

=
2

3
− (

1

2
+

1

22
+ ... +

1

2m
+ ...)−

∞∑

k=1

ωk

(−2)k
=

=
4

3
− 1− (

2

3
+

∞∑

k=1

ωk

(−2)k
) =

1

3
− x.

�



98 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.10. �åîìåòðiÿ íåãà�äâiéêîâîãî çîáðàæåííÿÎçíà÷åííÿ 3. Öèëiíäðîì ðàíãóm ç îñíîâîþ c1c2 . . . cm, ùî âiäïîâiäà¹ íåãà�äâiéêîâîìóçîáðàæåííi ÷èñëà x ∈ [0; 1], íàçèâà¹òüñÿ ìíîæèíà
∆−2

c1c2...cm
= {x : x = ∆−2

c1c2...cmam+1am+2...
, am+k ∈ A2, k ∈ N} = {x : τi(x) = ci, i = 1, m}.1. Öèëiíäð ¹ âiäðiçêîì, ïðè÷îìó ∆−2

c1...cm
= [A− B;A+ C], A =

2

3
+

m∑

i=1

ci
(−2)i

,

B =







1

2m · 3 , ÿêùî m� íåïàðíå,
1

2m−1 · 3 , ÿêùî m� ïàðíå, C =







1

2m−1 · 3 , ÿêùî m� íåïàðíå,
1

2m · 3 , ÿêùî m� ïàðíå.2. ∆−2
1 = [0; 1

2
], ∆−2

0 = [1
2
; 1];

∆−2
10 = [0; 1

22
], ∆−2

11 = [ 1
22
; 1
2
], ∆−2

00 = [1
2
; 3
22
], ∆−2

01 = [ 3
22
; 1];

∆−2
101 = [0; 1

23
], ∆−2

100 = [ 1
23
; 1
22
], ∆−2

111 = [ 1
22
; 3
23
], ∆−2

110 = [ 3
23
; 1
2
];

∆−2
001 = [1

2
; 5
23
], ∆−2

000 = [ 5
23
; 6
23
], ∆−2

011 = [ 6
23
; 7
23
], ∆−2

010 = [ 7
23
; 1];

max∆−2
c1c2...c2k−11

= min∆−2
c1c2...c2k−10

; max∆−2
c1c2...c2k0

= min∆−2
c1c2...c2k1

.3. |∆2
c1c2...cm

| = 1

2m
= |∆2

c1c2...cm
|.4. |∆2

c1c2...cmi|
|∆2

c1c2...cm
| =

1

2
=

|∆2

c1c2...cmi|
|∆2

c1c2...cm
|
.5. x = ∆2

a1a2...am... =
∞⋂

m=1

∆2
a1a2...am...; x = ∆

2

a1a2...am... =
∞⋂

m=1

∆
2

a1a2...am....Âëàñòèâiñòü 3 íàçèâà¹òüñÿ îñíîâíèì ìåòðè÷íèì âiäíîøåííÿì. Éîãî âèðàç ¹ ñâiä-÷åííÿì áëèçêîñòi (i íàâiòü "ñïiâïàäàííÿ") âiäïîâiäíèõ ìåòðè÷íèõ òåîðié (äâiéêîâîãîòà íåãà�äâiéêîâîãî çîáðàæåííÿ ÷èñëà). Áiëüøå òîãî, äîáðå âiäîìî [2℄, ùî ó âèïàäêóäâiéêîâîãî çîáðàæåííÿ äëÿ ìàéæå âñiõ (ó ðîçóìiííi ìiðè Ëåáåãà) ÷èñåë x ∈ [0; 1]iñíó¹ ãðàíèöÿ
lim

N→∞

1

N

N∑

n=1

φ(1− t+ xn) = v,äå xn � äðîáîâà ÷àñòèíà ÷èñëà 2n−1x, òîáòî xn = {2n−1x} = 2n−1x− [2n−1x], 0 < v ≤ 1,

φ(t) =







1, ÿêùî 0 ≤ t ≤ 1,

0, ÿêùî t < 0 àáî t > 1.Iíøèìè ñëîâàìè, ÷èñëà ïîñëiäîâíîñòi (xn) ìàéæå äëÿ âñiõ x ðiâíîìiðíî ðîçïîäiëåíiíà âiäðiçêó [0; 1].Çàóâàæåííÿ 6. Âðàõîâóþ÷è çàçíà÷åíå, ïðèõîäèìî äî âèñíîâêó, ùî ðîçâ'ÿçêè çàäà÷äëÿ íåãà�äâiéêîâîãî çîáðàæåííÿ, àíàëîãi÷íèõ çàäà÷àì äëÿ äâiéêîâîãî çîáðàæåííÿ,ìîæíà îòðèìàòè ç âiäîìèõ ðåçóëüòàòiâ äëÿ îñòàííüîãî ïåðå�îðìóëþâàííÿì óíîâié ñèñòåìi êîäóâàííÿ ç óðàõóâàííÿì âêàçàíèõ çâ'ÿçêiâ.



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 9911. Îïåðàòîðè çñóâó öè�ð íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñëàÓ ïðîñòîði (â ìíîæèíi) íåãà-äâiéêîâèõ çîáðàæåíü ÷èñåë âiäðiçêà [0; 1] (ðiâíîñèëüíîó ïðîñòîði ïîñëiäîâíîñòåé åëåìåíòiâ àë�àâiòó) ðîçãëÿäà¹òüñÿ îïåðàòîð η, îçíà÷åíèéðiâíiñòþ
η(∆−2

α1α2...αn...
) = ∆−2

α2...αn...
, (11)ÿêèé íàçèâà¹òüñÿ îïåðàòîðîì ëiâîñòðîííüîãî çñóâó öè�ð íåãà-äâiéêîâîãî çîáðà-æåííÿ ÷èñëà. Ïiñëÿ äîìîâëåíîñòi âæèâàòè îäíå ç äâîõ iñíóþ÷èõ çîáðàæåíü íåãà-äâiéêîâî-ðàöiîíàëüíèõ ÷èñåë âií êîðåêòíî âèçíà÷à¹ �óíêöiþ íà [0; 1].Ëåìà 6. Ôóíêöiÿ η, îçíà÷åííà ðiâíiñòþ ( 11), ìà¹ âèðàç

η(x) = −x+ 2− α1(x)i ¹ ëiíiéíîþ íà êîæíîìó ç öèëiíäðiâ ïåðøîãî ðàíãó, à ñàìå:
η(x) =







−x + 2, ÿêùî x ∈ ∆−2
0 ,

−x + 1, ÿêùî x ∈ ∆−2
1 .Â òî÷öi x = 1

2
�óíêöiÿ ìà¹ ñòðèáîê δ âåëè÷èíè 1.Äîâåäåííÿ. Ñïðàâäi,

x =
2

3
− α1(x)

2
+
α2(x)

22
− α3(x)

23
+
α4(x)

24
− ... =

=
2

3
− α1(x)

2
+

1

3
− 1

2
(
2

3
− α2(x)

2
+
α3(x)

22
− α4(x)

23
+ ...) =

=1− α1(x)

2
− 1

2
η(x).Òîìó
η(x) = −x+ 2− α1(x).ßêùî x ∈ ∆−2

0 , òî α1(x) = 0 i η(x) = −x + 2. ßêùî x ∈ ∆−2
1 , òî α1(x) = 1 i

η(x) = −x+ 3.Îñêiëüêè 1
2
= ∆−2

0(01) = ∆−2
1(10), òî

δ(
1

2
) = lim

x→ 1
2
+0
f(x)− lim

x→ 1
2
−0
f(x) = η(∆−2

0(01))− η(∆−2
1(10)) = ∆−2

(01) −∆−2
(10) = 1.

�Òåîðåìà 7. Iíâàðiàíòíîþ ìiðîþ äëÿ îïåðàòîðà ëiâîñòðîííüîãî çñóâó öè�ð íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñåë ¹ éìîâiðíiñíà ìiðà µξ, ùî âiäïîâiäà¹ íåïåðåðâíîìó ðîç-ïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ = ∆−2
ξ1ξ2,...,ξn,...

ç íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìèíåãà-äâiéêîâèìè öè�ðàìè ξn(n = 1, 2, ..): P{ξn = 0} = p0, P{ξn = 1} = p1, çîêðåìàìiðà Ëåáåãà λ.



100 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî ìiðà Ëåáåãà ¹ iíâàðiàíòíîþ äëÿ îïåðàòîðà η.Îñêiëüêè
η−1(∆−1

c1...cm
) = ∆−2

0c1...cm
∪∆−2

1c1...cm
, òî

λ[η−2(∆2
c1...cm

)] = |∆−2
0c1...cm|+ |∆−1

c1c2...cm
| = 2 · 1

2m
=

1

2m−1
= |∆−2

c1...cm
|,à êîæåí iíòåðâàë ÿê çàâãîäíî òî÷íî ìîæíà íàáëèçèòè îá'¹äíàííÿì öèëiíäðiâ, òî

λ(η−1([α; β])) = β − α.ßêùî ðîçïîäië ξ ¹ íåïåðåðâíèì, òî p0p1 6= 0. Äëÿ ìiðè µ ìà¹ ìiñöå ðiâíiñòü
µξ(∆

−2
c1c2...cm

) =

m∏

j=1

pcj = pN0
0 pN1

1 ,äå N1 ≡ c1 + c2 + ...+ cm, N0 ≡ m−N1.Òîäi
µξ(η

−1(∆−2
c1c2...cm

)) =µξ(∆
−2
0c1c2...cm ∪∆−2

1c1c2...cm) =

=µξ(∆
−2
0c1c2...cm) + µξ(∆

−2
1c1c2...cm) =

=p0

m∏

j=1

pcj + p1

m∏

j=1

pcj =
m∏

j=1

pcj = µξ(∆
−2
c1c2...cm

).Ç óðàõóâàííÿì âèùå çðîáëåíîãî çàóâàæåííÿ ïðî òå, ùî êîæåí iíòåðâàë ç áóäü-ÿêîþòî÷íiñòþ íàáëèæà¹òüñÿ îá'¹äíàííÿì öèëiíäðiâ, ìè îòðèìàëè äîâåäåííÿ iíâàðiàíòíî-ñòi âêàçàíî¨ ìiðè. �12. Çàñòîñóâàííÿ: ñèíãóëÿðíi �óíêöi¨, îçíà÷åíi â òåðìiíàõíåãà�äâiéêîâîãî òà ëàíöþãîâîãî A2�çîáðàæåííÿ�îëü i çíà÷åííÿ ëàíöþãîâèõ äðîáiâ ó ìàòåìàòèöi òà ¨¨ çàñòîñóâàííÿõ çàãàëüíî âiäî-ìà [1, 17℄. Âiäíîñíî íåäàâíî áóëà ñòâîðåíà òåîðiÿ äâîñèìâîëüíîãî êîäóâàííÿ äiéñíèõ÷èñåë çà äîïîìîãîþ íåñêií÷åííèõ ëàíöþãîâèõ äðîáiâ, åëåìåíòè ÿêèõ íàáóâàþòü ëèøåäâîõ çíà÷åíü. Çàïðîïîíîâàíà ñèñòåìà êîäóâàííÿ ÷èñåë ìà¹ íóëüîâó íàäëèøêîâiñòü,òîáòî êîæíå ÷èñëî ìà¹ íå áiëüøå äâóõ çîáðàæåíü [4℄. Öå òåîðiÿ ëàíöþãîâèõ A2-äðîáiâ.�¨ ìåòðè÷íà i éìîâiðíiñíà òåîðiÿ óæå ìàþòü íåòðèâiàëüíèé ðîçâèòîê [19, 20, 21℄. Ëàí-öþãîâå A2-çîáðàæåííÿ ìà¹ òó æ (òîïîëîãiþ), ùî i íåãà-äâiéêîâå çîáðàæåííÿ, òîáòîâîíè ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè. Öå äîçâîëÿ¹ å�åêòèâíî âèêîðèñòîâóâàòè ¨õ äëÿçàäàííÿ �óíêöié i ìið çi ñêëàäíîþ (íåîäíîðiäíîþ, iððåãóëÿðíîþ) ëîêàëüíîþ ñòðó-êòóðîþ øëÿõîì ïðîåêòóâàííÿ öè�ð îäíîãî çîáðàæåííÿ â iíøå. �îçãëÿíåìî îäèí çïðèêëàäiâ.
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2
; 1}. ßê âiäîìî [4℄, äëÿ áóäü�ÿêîãî x ∈ [

1

2
; 1] iñíó¹ ïîñëiäîâíiñòü (an)òàêà, ùî an ∈ A2 i

x =
1

a1 +
1

a2 +
1

a3 +
. . . = [0; a1, a2, . . . , an, . . .] = ∆A2

a1a2...an...
. (12)

Ëàíöþãîâèé äðiá (12) íàçèâà¹òüñÿ ëàíöþãîâèì A2�äðîáîì. Íàïðèêëàä,
1

2
= [0; (1,

1

2
)] = ∆A2

(1, 1
2
)
, 1 = [0; (

1

2
, 1)] = ∆A2

( 1
2
,1)
,

2

3
= ∆A2

1
2
( 1
2
,1)
. (13)Âiäîìî òàêîæ, ùî ÷èñëà çëi÷åííî¨ ìíîæèíè ìîæíà ïðåäñòàâèòè ó âèãëÿäi äâîõ�îðìàëüíî ðiçíèõ ëàíöþãîâèõ A2-äðîáiâ:

x = [0; a1, a2, . . . , an,
1

2
, (
1

2
, 1)] = [0; a1, a2, . . . , an, 1, (1,

1

2
)],äå êðóãëi äóæêè ñèìâîëiçóþòü ïåðiîä.Òàêi ÷èñëà íàçèâàþòüñÿ A2-ðàöiîíàëüíèìè. �å-øòà ÷èñåë âiäðiçêà [1

2
; 1] ìàþòü ¹äèíèé ðîçêëàä â ëàíöþãîâèé A2-äðiá, à îòæå, i ¹äèíåëàíöþãîâå A2-çîáðàæåííÿ. Âîíè íàçèâàþòüñÿ A2-iððàöiîíàëüíèìè ÷èñëàìè.Îñêiëüêè ìàþòü ìiñöå ðiâíîñòi (13), òî êîæíå A2-ðàöiîíàëüíå ÷èñëî ìà¹ ðîçêëàä âñêií÷åííèé ëàíöþãîâèé A2-äðiá, à îòæå, ¹ ÷èñëîì ðàöiîíàëüíèì. Ìîæíà äîâåñòè, ùîíå êîæíå ðàöiîíàëüíå ÷èñëî ¹ A2-ðàöiîíàëüíèì (ïðèêëàäîì òàêîãî ¹ ÷èñëî 5

6
). Öiêà-âèì ¹ çàïèòàííÿ: ÷è êîæíå ðàöiîíàëüíå ÷èñëî ìà¹ ðîçêëàä â ñêií÷åííèé ëàíöþãîâèé

A2-äðiá? Âîíî òiñíî ïîâ'ÿçàíå ç ïðîáëåìîþ âñòàíîâëåííÿ êðèòåðiþ ðàöiîíàëüíîñòi÷èñëà çà éîãî äàíöþãîâèì A2-çîáðàæåííÿì.Çàãàëüíèé àëãîðèòì ðîçêëàäó ÷èñëà x ∈ [1
2
, 1] â íåñêií÷åííèé ëàíöþãîâèé A2-äðiá

∆A2
a1a2...an...

ïîëÿãà¹ â íàñòóïíîìó:
a1 = ϕ(x) ≡







1, ÿêùî 1
2
≤ x ≤ 2

3

1
2
, ÿêùî2

3
≤ x ≤ 1

=
1

2
ε, ε ∈ {1, 2};

x1 =
1

x
− ϕ(x) =

1

x
− 1

2
ε1, a2 =

1

2
ε1, ε1 ∈ {1, 2};

x2 =
1

x1
− ϕ(x1) =

1

x1
− 1

2
ε2, a2 =

1

2
ε2;

..................................

xn+1 =
1

xn
− ϕ(xn) =

1

xn
− 1

2
εn;

.......................................Òîäi an = ϕ(xn−1) =
1
2
εn, εn ∈ {1, 2}, n ∈ N .Íàãàäà¹ìî, ùî ïiäõiäíèì äðîáîì ïîðÿäêó n äàíîãî ëàíöþãîâîãî äðîáó [0; a1, ..., an, ...]íàçèâà¹òüñÿ ÷èñëî pn

qn
, ùî ¹ çíà÷åííÿì ñêií÷åííîãî ëàíöþãîâîãî äðîáó [0; a1, a2, ..., an],



102 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.òîáòî n-ãî âiäðiçêà äàíîãî ëàíöþãîâîãî äðîáó. ßê âiäîìî [17℄, ìà¹ ìiñöå íàñòóïíèéçàêîí óòâîðåííÿ ïiäõiäíèõ äðîáiâ äàíîãî ëàíöþãîâîãî äðîáó [0; a1, a2, . . . , an, . . .]:






pn = anpn−1 + pn−2,

qn = anqn−1 + qn−2, n = 2, 3, ..
äå p0 = a0, q0 = 1, p1 = a1a0 + 1, q1 = a1.Äëÿ ïiäõiäíèõ äðîáiâ ñïðàâåäëèâèìè ¹ íàñòóïíi âëàñòèâîñòi:(1) qkpk−1 − pkqk−1 = (−1)k, ∀k ∈ N ;(2) pk−1

qk−1
− pk

qk
= (−1)k

qkqk−1
, ∀k ∈ N ;(3) qkpk−2 − pkqk−2 = (−1)k−1ak, ∀k ∈ N ;(4) qk

qk−1
= [ak; ak−1, ..., a1], ∀k ∈ N .Îçíà÷åííÿ 4. Öèëiíäðîì ðàíãóm ç îñíîâîþ c1c2...cm äëÿ ëàíöþãîâîãî A2-çîáðàæåííÿ÷èñåë âiäðiçêà [1

2
; 1] íàçèâà¹òüñÿ ìíîæèíà ∆′

c1...cm
âñiõ ÷èñåë x, ÿêi ìàþòü ëàíöþãîâå

A2-çîáðàæåííÿ ç ïåðøèìè m åëåìåíòàìè âiäïîâiäíî ðiâíèìè c1, c2, ..., cm, òîáòî
∆A2

c1...cm
= {x : x = [c1, c2, ..., cm, am+1, am+2, ...], am+i ∈ A2}.Öèëiíäð ∆A2

c1...cm
¹ âiäðiçêîì ç êiíöÿìè

b = min∆A2
c1c2...cn

=







[0; c1, c2, ..., cn−1, cn + 1] ïðè íåïàðíîìó n;
[0; c1, c2, ..., cn−1, cn + 0, 5] ïðè ïàðíîìó n;

c = max∆A2
c1c2...cn

=







[0; c1, c2, ..., cn + 0, 5] ïðè íåïàðíîìó n;
[0; c1, c2, ..., cn + 1] ïðè ïàðíîìó n.Äëÿ äîâiëüíîãî íàòóðàëüíîãî n ìàþòü ìiñöå âëàñòèâîñòi öèëiíäðiâ:(1) ∆A2

c1c2...cn
= ∆A2

c1c2...cn
1
2

∪∆A2
c1c2...cn1

;(2) Äîâæèíà öèëiíäðà ∆A2
c1c2...cn

îá÷èñëþ¹òüñÿ çà �îðìóëîþ
d(∆A2

c1c2...cn
) =

1

(qn−1 + qn)(qn−1 + 2qn)
. (14)(3) Îñíîâíå ìåòðè÷íå âiäíîøåííÿ ìà¹ âèãëÿä

|∆A2
c1c2...cni

|
|∆A2

c1c2...cn|
=

1 + i qn−1

qn

2i2 + 1 + 2i qn−1

qn

, i ∈ A2.Çîêðåìà,
|∆A2

c1c2...cn
1
2

|
|∆A2

c1c2...cn|
=

2 + qn−1

qn

3 + 2 qn−1

qn

=
2qn + qn−1

3qn + qn−1
;

|∆A2
c1c2...cn1|

|∆A2
c1c2...cn|

=
1 + qn−1

qn

3 + 2 qn−1

qn

=
qn + qn−1

3qn + qn−1
.Òîäi

|∆A2

c1c2...cn
1
2

|
|∆A2

c1c2...cn1
|
=

2 + qn−1

qn

1 + qn−1

qn

= 1 +
qn

qn + qn−1
= 1 +

1

1 + qn−1

qn

.
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3

8
<

|∆A2
c1c2...cni

|
|∆A2

c1c2...cn|
<

5

8
.Ïðåäñòàâëåííÿ ÷èñëà x ðiâíiñòþ (12) ìîæíà çàêîäóâàòè çàñîáàìè i êëàñè÷íîãîäâîñèìâîëüíîãî àë�àâiòó A = {0; 1}, à ñàìå:

x = [0; a1; a2; . . . ; an, . . .] = ∆A
α1α2...αn...

,äå αn = 0, ÿêùî an =
1

2
, i αn = 1, ÿêùî an = 1.�îçãëÿäà¹òüñÿ �óíêöiÿ f , îçíà÷åíà ðiâíiñòþ

f(∆A2
α1α2...αn...

) = ∆̄2
α1α2...αn...

,äå (αn) ∈ L = A×A× A× . . .×A× . . ..Òåîðåìà 8. Ôóíêöiÿ f ç îáëàñòþ âèçíà÷åííÿ Df = [
1

2
; 1] i ìíîæèíîþ çíà÷åíü

Ef = [0; 1] ¹:1) êîðåêòíî îçíà÷åíîþ;2) íåïåðåðâíîþ;3) ñòðîãî çðîñòàþ÷îþ.Äîâåäåííÿ. 1) Íåêîðåêòíiñòü â îçíà÷åííi �óíêöi¨ ìîãëà âèíèêíóòè íà îñíîâi òîãî,ùî äåÿêi ÷èñëà ìàþòü äâà ðiçíèõ ëàíöþãîâèõ A2�çîáðàæåííÿ. �îçãëÿíåìî ðiçíèöþ
f
(

∆A2

c1...cm0(01)

)

− f
(

∆A2

c1...cm1(10)

)

= ∆
2

c1...cm0(01) −∆
2

c1...cm1(10) = 0,ÿêà çàñâiä÷ó¹ êîðåêòíiñòü îçíà÷åííÿ �óíêöi¨.2) Äëÿ äîâåäåííÿ íåïåðåðâíîñòi �óíêöi¨ f â A2-iððàöiîíàëüíié òî÷öi x0 = ∆A2
c1c2...cn...ðîçãëÿíåìî äîâiëüíå ÷èñëî x = ∆A2

a1a2...an...
ç iíòåðâàëó (1

2
; 1), âiäìiííå âiä x0, i ìîäóëüðiçíèöi |f(x0)− f(x)|. Îñêiëüêè x 6= x0, òî iñíó¹ ïîðÿäêîâèé íîìåð m öè�ðè ó íåãà-äâiéêîâîìó çîáðàæåííi ÷èñëà x òàêèé, ùî αm 6= cm, àëå αi = ci ïðè i < m. Òîäiçíà÷åííÿ �óíêöi¨ f(x) i f(x0) íàëåæàòü îäíîìó i òîìó æ öèëiíäðó ∆−2

c1...cm−1
ðàíãó

m−1 íåãà-äâiéêîâîãî çîáðàæåííÿ ÷èñåë. Òîìó ðiçíèöÿ âiäñòàíi ìiæ íèìè áiëüøà àáîðiâíà äîâæèíè öüîãî öèëiíäðà. À îòæå,
|f(x0)− f(x)| ≤ |∆−2

c1...cm−1
| = 1

2m−1
.Îñêiëüêè æ x → x0 ðiâíîñèëüíî m → ∞, òî lim

x→x0

|f(x) − f(x0)| = 0, òîáòî fíåïåðåðâíà â òî÷öi x0 çãiäíî ç îçíà÷åííÿì.ßêùî x0 ¹ ÷èñëîì A2-ðàöiîíàëüíèì, òî äîñèòü ïîâòîðèòè öi æ ìiðêóâàííÿ, àëåðîçãëÿäàþ÷è âèïàäêè x→ x0−0 i x→ x0+0, âèêîðèñòîâóâàòè ïðè öüîìó â êîæíîìóç âèïàäêiâ îäíå ç äâîõ iñíóþ÷èõ çîáðàæåíü ÷èñëà.3) Äëÿ äîâåäåííÿ ñòðîãî¨ ìîíîòîííîñòi �óíêöi¨ f íà âiäðiçêó [1
2
; 1] äîñèòü ïîêàçàòè,ùî ¨¨ ïðèðiñò íà êîæíîìó ç öèëiíäðiâ ¹ äîäàòíèì. Ñïðàâäi

µf(∆
A2
c1...cm

) ≡ f(max∆A2
c1...cm

)− f(min∆A2
c1...cm

) = |∆−2
c1...cm

| = 1

2m
> 0.



104 Ïðàöüîâèòèé Ì.Â., �îí÷àðåíêî ß.Â., Ëèñåíêî I.Ì.Òåîðåìó äîâåäåíî. �Ëåìà 7. ßêùî �óíêöiÿ y = f(x) â òî÷öi x0 ìà¹ ñêií÷åííó ïîõiäíó f ′(x0) = c, òîâîíà ìîæå áóòè îá÷èñëåííà çà �îðìóëîþ
f ′(x0) = lim

x′
n≤x0≤x′′

n

x′′
n−x′

n→0

f(x′′n)− f(x′n)

x′′n − x′n
,äå (x′n) � çðîñòàþ÷à, à (x′′n) � ñïàäíà ïîñëiäîâíîñòi, çáiæíi äî x0.Äîâåäåííÿ. Îñêiëüêè

c = f ′(x0) = lim
∆→0

f(x0 +∆)− f(x0)

∆
,òî

f(x0 +∆)− f(x0)

∆
= f ′(x0) + α(∆),äå α(∆) → 0 ïðè ∆ → 0. Òîäi

f(x0 +∆)− f(x0) = c∆+∆α(∆),

f(x0 +∆) = f(x0) + ∆c+∆α(∆). (15)Íåõàé x0 − x′n = an, x
′′
n − x0 = bn. Òîäi x′′n − x′n = an + bn. Íà îñíîâi (15) îòðèìó¹ìî

f(x′′n) = f(x0 + bn) = f(x0) + bnc+ bnα(bn),

f(x′n) = f(x0 + (−an)) = f(x0)− anc− anα(−an).Çâiäñè
f(x′′n)− f(x′n) = (an + bn)c+ bnα(bn) + anα(−an).Òîìó

f(x′′n)− f(x′n)

x′′n − x′n
= c+

bnα(bn) + anα(−an)
an + bn

.Àëå
βn ≡ bnα(bn) + anα(−an)

an + bn
=

[bnα(bn) + anα(bn)] + [anα(−an)− anα(bn)]

an + bn
=

= α(bn) +
an [α(−an)− α(bn)]

an + bn
=

α(bn) +
α(−an)− α(bn)

1 + bn
an

.Îñêiëüêè α(−an)− α(bn) → 0 (n→ ∞), à 0 < 1 +
bn
an

<∞, òî lim
n→∞

βn = 0.Îòæå,
f ′(x0) = lim

n→∞

f(x′′n)− f(x′n)

x′′n − x′n
.Ëåìó äîâåäåíî. �



ÍÅ�À�ÄÂIÉÊÎÂÅ Ï�ÅÄÑÒÀÂËÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË I ÉÎ�Î ÇÀÑÒÎÑÓÂÀÍÍß 105Çàóâàæåííÿ 7. ßêùî x′n i x′′n � êiíöi öèëiíäðà n�ãî ðàíãó, à ñàìå: ∆n(x0), ùî ìi-ñòèòü òî÷êó x0 äåÿêîãî çîáðàæåííÿ ÷èñåë âiäðiçêà [a; b], òî ó âèïàäêó iñíóâàííÿñêií÷åííî¨ ïîõiäíî¨ f ′(x0) �óíêöiÿ f â òî÷öi x0, ¨¨ öèëiíäðè÷íà ïîõiäíà
f ′ö(x0) = lim

n→∞

µf(∆n(x0))

|∆n(x0)|ðiâíà çâè÷àéíié ïîõiäíié.Òåîðåìà 9. ßêùî â òî÷öi x0 iñíó¹ ïîõiäíà f ′(x0) �óíêöi¨ f , òî âîíà îá÷èñëþ¹òüñÿçà �îðìóëîþ
f ′(x0) = lim

n→∞

|∆−2
α1(x0)...αn(x0)

|
|∆A2

a1(x0)...an(x0)
|
= lim

n→∞

(qn−1 + qn)(qn−1 + 2qn)

2n
,äå qn � çíàìåííèê ïiäõiäíîãî äðîáó ÷èñëà x0.Äîâåäåííÿ. Äàíå òâåðäæåííÿ ¹ íàñëiäêîì ïîïåðåäíüî¨ ëåìè i âèùå íàâåäåíèõ ðiâíî-ñòåé:

|∆A2
a1...an

| = 1

(qn−1 + qn)(qn−1 + 2qn)
,

|∆−2
α1α2...αm

| = 2−n.
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