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Abstract. In the paper, we consider almost everywhere with respect to Lebesgue mea-

sure continuous function with nontrivial local properties: countable everywhere dense

set of discontinuities, self-affine graph, etc. We study the distribution of values of this

function if its argument is a random variable whose digits of Qs-representation (general-

ization of s-adic expansion) are independent random variables with a given probability

distribution. Lebesgue structure of this probability distribution (i.e., content of discrete,

absolutely continuous, and singular components), topological, metric, and fractal prop-

erties of spectrum (minimal closed support) as well as other properties are described.

Keywords: Singularly continuous probability distribution, Lebesgue structure of a

probability distribution, singular probability distribution of Cantor type, singular prob-

ability distribution of Salem type, point spectrum of probability distribution, spectrum

of probability distribution, Qs-representation of a real number.1. ÂñòóïÏåðåâàæíà áiëüøiñòü (ïðèíàéìíi â òîïîëîãi÷íîìó ñåíñi, äèâ. òåîðåìó Çàì�iðåñêó[1℄) ðîçïîäiëiâ éìîâiðíîñòåé íà [0, 1] ìà¹ íåòðèâiàëüíó ëåáåãiâñüêó ñòðóêòóðó i ñêëàäíiëîêàëüíi âëàñòèâîñòi [5℄. Íàâiòü ó âèïàäêó íåïåðåðâíîñòi ¨õ �óíêöi¨ ðîçïîäiëó âîíè
© Øåâ÷åíêî À.Â., 2015



78 Øåâ÷åíêî À.Â.ìàþòü êîíòèíóàëüíó, iíîäi âñþäè ùiëüíó, ìíîæèíó îñîáëèâîñòåé äè�åðåíöiàëüíî-ãî õàðàêòåðó [2℄. Äî òàêèõ, çîêðåìà, âiäíîñÿòüñÿ ñèíãóëÿðíi ðîçïîäiëè âèïàäêîâèõâåëè÷èí, ÿêi çîñåðåäæåíi íà ìíîæèíàõ íóëüîâî¨ ìiðè Ëåáåãà, à îòæå, ïîòåíöiéíî âî-ëîäiþòü �ðàêòàëüíèìè âëàñòèâîñòÿìè [5℄. Ñàìå âîíè ¹ îñíîâíèì îá'¹êòîì íàøîãîiíòåðåñó.Íàãàäà¹ìî [5℄, ùî ëåáåãiâñüêîþ ñòðóêòóðîþ éìîâiðíiñíî¨ ìiðè µ íà (R1,B) àíàëî-ãi÷íî �óíêöi¨ ðîçïîäiëó Fξ âèïàäêîâî¨ âåëè÷èíè ξ íàçèâà¹òüñÿ ¨¨ ðîçêëàä â ëiíiéíóêîìáiíàöiþ
µ = α1µd + α2µa.c. + α3µs, (1)
Fξ = α1Fd + α2Fa.c. + α3Fs, (2)äå αi ≥ 0, α1 + α2 + α3 = 1, B� σ-àëãåáðà áîðåëiâñüêèõ ìíîæèí, µd, µa.c., µs �éìîâiðíiñíi ìiðè, Fd, Fa.c., Fs ��óíêöi¨ ðîçïîäiëó, ïðè÷îìó(1) äëÿ µd iñíó¹ ñêií÷åííà àáî çëi÷åííà ìíîæèíà D òàêà, ùî µd(D) = 1;(2) µa.c.(E) = 0, ÿêùî ìiðà Ëåáåãà λ(E) = 0;(3) iñíó¹ E: λ(E) = 0 i µs(E) = 1, àëå µs(D) = 0, ÿêùîD� ñêií÷åííà àáî çëi÷åííà;(4) Fd ��óíêöiÿ, ùî ðîñòå âèêëþ÷íî ñòðèáêàìè (�óíêöiÿ ñòðèáêiâ);(5) Fa.c.(x) =

x∫

−∞
F ′(t)dt;(6) Fs �íåïåðåðâíà, àëå F ′

s(x) = 0 ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà.ßêùî îäíå ç ÷èñåë α1, α2, α3 äîðiâíþ¹ 1, à ðåùòà � 0, òî êàæóòü, ùî ìiðà µ i�óíêöiÿ F ðîçïîäiëó ìàþòü ÷èñòèé ëåáåãiâñüêèé òèï.ßêùî α1 = 1 (à îòæå, âiäïîâiäíî α2 = 0 = α3), òî éìîâiðíiñíà ìiðà âiäïîâiäíî�óíêöiÿ ðîçïîäiëó (ðîçïîäië) íàçèâà¹òüñÿ ÷èñòî äèñêðåòíîþ.ßêùî α2 = 1 (à îòæå, α1 = 0 = α3), òî µ i Fξ íàçèâàþòüñÿ ÷èñòî àáñîëþòíîíåïåðåðâíèìè.ßêùî α3 = 1 (à îòæå, α1 = 0 = α2), òî µ i Fξ íàçèâàþòüñÿ ÷èñòî ñèíãóëÿðíèìè.ßêùî α2
1 + α2

2 + α2
3 6= 1, òî ðîçïîäië íàçèâàþòü ñóìiøøþ ðîçïîäiëiâ ÷èñòèõ ëåáåãiâ-ñüêèõ òèïiâ.Ñèíãóëÿðíi �óíêöi¨ ðîçïîäiëó óòâîðþþòü íàéìåíø âèâ÷åíèé ïiäêëàñ ñiì'¨ íåïå-ðåðâíèõ �óíêöié, à ¨õ ñóïåðïîçèöi¨ òà çãîðòêè ¹ ùå äîñòàòíüî çàãàäêîâèì îá'¹êòîìäëÿ äîñëiäæåííÿ, ÿê i ñóìiøi ñèíãóëÿðíèõ ðîçïîäiëiâ ç iíøèìè.2. Îá'¹êò äîñëiäæåííÿ2.1. Qs-çîáðàæåííÿ. Íåõàé 1 < s��iêñîâàíå íàòóðàëüíå ÷èñëî, As = {0, 1, . . . , s−

1}�àë�àâiò s-êîâî¨ ñèñòåìè ÷èñëåííÿ,
Qs = {q0, q1, . . . , qs−1}�ìíîæèíà äîäàòíèõ äiéñíèõ ÷èñåë òàêà, ùî q0 + q1 + . . . + qs−1 = 1, β0 = 0, βi =

q0 + q1 + . . .+ qi−1 = βi−1 + qi−1, i = 1, 2, . . . , s.



�ÎÇÏÎÄIË ÇÍÀ×ÅÍÜ ÎÄÍI�� ÔÓÍÊÖI� 79Âiäîìî [6,7℄, ùî äëÿ áóäü-ÿêîãî ÷èñëà x ∈ [0, 1] iñíó¹ ïîñëiäîâíiñòü (αn), αn ∈ As,òàêà, ùî
x = βα1 +

∞∑

k=2

(

βαk

k−1∏

i=1

qαi

)

= ∆Qs

α1α2...αn...
. (3)Ïîäàííÿ ÷èñëà x ðÿäîì (3) íàçèâà¹òüñÿ éîãî Qs-ïðåäñòàâëåííÿì, à îñòàííié ñèì-âîëi÷íèé (ñêîðî÷åíèé) çàïèñ öüîãî ðÿäó i ÷èñëà x�Qs-çîáðàæåííÿì. Ïðè öüîìó

αn = αn(x) íàçèâà¹òüñÿ n-îþ öè�ðîþ (ñèìâîëîì) öüîãî çîáðàæåííÿ.Ïåðiîä ó Qs-çîáðàæåííi ÷èñëà çàïèñó¹òüñÿ ó êðóãëèõ äóæêàõ.Çàóâàæèìî, ùî öè�ðè Qs-çîáðàæåííÿ âèêîíóþòü �óíêöiþ iíäåêñiâ, à íå ÷èñåë,õî÷à ïðè s = 2, ìà¹ìî βαk
= αkq1−αk

.
Qs-ïðåäñòàâëåííÿ ¹ óçàãàëüíåííÿì çâè÷àéíîãî s�âîãî ðîçêëàäó:

[0; 1] ∋ x =
α1

s
+
α2

s2
+ · · ·+ αn

sn
+ · · · ≡ ∆s

α1α2...αn...
.Çàóâàæåííÿ 1. ßêùî q0 = q1 = . . . = qs−1 = 1

s
, òî Qs-ïðåäñòàâëåííÿ ¹ êëàñè÷íèì

s-êîâèì ðîçêëàäîì, à Qs-çîáðàæåííÿ � s-êîâèì çîáðàæåííÿì.Ïîíÿòòÿ n-î¨ öè�ðè Qs-çîáðàæåííÿ ¹, âçàãàëi êàæó÷è, íåêîðåêòíî îçíà÷åíèì,îñêiëüêè
∆Qs

c1c2...cm(0) = ∆Qs

c1c2...cm−1[cm−1](0). (4)Òi ÷èñëà, ùî ìàþòü äâà Qs-çîáðàæåííÿ, íàçèâàþòüñÿ Qs-ðàöiîíàëüíèìè (öå ÷èñëàâèäó (4)). À òi ÷èñëà, ùî ìàþòü ¹äèíå çîáðàæåííÿ, íàçèâàþòüñÿ Qs-ðàöiîíàëüíèìè.Çàóâàæèìî, ùî iíâàðiàíòíîþ ìiðîþ îïåðàòîðà ëiâîñòîðîííüîãî çñóâó, îçíà÷åíîãîðiâíiñòþ
ω
(
∆Qs

α1α2...αn...

)
= ∆Qs

α2α3...αn...
⇔ ω(x) =

1

qα1(x)
x− βα1(x)

qα1(x)
,¹ ìiðà Ëåáåãà, îñêiëüêè äëÿ äîâiëüíîãî iíòåðâàëó (a; b)

ω−1((a; b)) = (a0; b0) ∪ (a1; b1) ∪ . . . ∪ (as−1; bs−1) =

=
(

∆Qs

0α1(a)...αn(a)...
; ∆Qs

0α1(b)...αn(b)...

)

∪ . . .

∪
(

∆Qs

[s−1]α1(a)...αn(a)...
; ∆Qs

[s−1]α1(b)...αn(b)...

)

,à îòæå,
λ
[
ω−1((a; b))

]
= (b− a)[q0 + q1 + . . .+ qs−1] =

s−1∑

i=1

(bi − ai).2.2. Ïðîåêòîð öè�ð. Çà�iêñó¹ìî (çàäàìî) ðîçáèòòÿ ìíîæèíè àë�àâiòó As:
As = A0 ∪A1, A0 6= ∅ 6= A1, A0 ∩A1 = ∅.�îçãëÿíåìî äâà Qs-çîáðàæåííÿ (Qs-çîáðàæåííÿ ç s > 2, Q2-çîáðàæåííÿ ç Q2 =

G2 = {g0, g1}) i �óíêöiþ f , âèçíà÷åíó ðiâíiñòþ
f(∆Qs

α1α2...αn...
) = ∆G2

a1a2...an...
= ba1 +

∞∑

k=2

(

bak

k−1∏

i=1

gai

)

,



80 Øåâ÷åíêî À.Â.äå bi = ig1−i, i ∈ {0, 1}, òîáòî b0 = 0, b1 = g0 g1 = 1− q2;
an = ϕ(αn) =







0, ÿêùî αn ∈ A0,

1, ÿêùî αn ∈ A1.Ùîá çàáåçïå÷èòè êîðåêòíiñòü îçíà÷åííÿ �óíêöi¨ f , äîìîâèìîñü ç äâîõ iñíóþ÷èõ
Qs-çîáðàæåíü Qs-ðàöiîíàëüíèõ ÷èñåë âèêîðèñòîâóâàòè äëÿ àðãóìåíòà �óíêöi¨ f ëè-øå òå, ùî ìà¹ ïåðiîä (0).Ôóíêöiÿ f ìà¹ íàñòóïíi âëàñòèâîñòi:(1) Îáëàñòþ âèçíà÷åííÿ D(f) �óíêöi¨ f ¹ ïiââiäðiçîê [0, 1).(2) Ìíîæèíîþ çíà÷åíü E(f) �óíêöi¨ f ¹ ïiââiäðiçîê [0, 1), ÿêùî 0 ∈ A0, i ïiâií-òåðâàë (0, 1], ÿêùî 0 ∈ A1.(3) Ôóíêöiÿ f ¹ íåïåðåðâíîþ â Qs-iððàöiîíàëüíèõ òî÷êàõ i ðîçðèâíîþ â Qs-ðàöiîíàëüíèõ òî÷êàõ.(4) �ðà�iê Γf �óíêöi¨ f ¹ ñàìîà�iííîþ ìíîæèíîþ:

Γf = Γ0 ∪ Γ1 ∪ . . . ∪ Γs−1, äå Γi = ψ(Γf ),

ψi :

{
x′ = qix+ βi,

y′ = gϕ(i)y + bϕ(i), i = 0, s− 1.(5) ßêùî
C[Qs, (Vn)] = {x : x = ∆Qs

α1α2...αn...
, αn ∈ Vn, n = 1, 2, . . .},òî C[Qs, A0]

f−→ ∆G2

(0), C[Qs, A1]
f−→ ∆G2

(1).(6) Ìíîæèíîþ f−1(y) ðiâíÿ y = ∆G2
a1a2...an...

�óíêöi¨ f (òîáòî f−1(y) = {x : f(x) =
y}) ¹ ìíîæèíà êàíòîðiâñüêîãî òèïó C[Qs, (Vn)], äå Vn = {v : ϕn(v) = an}, n = 1,
2, . . . .2.3. Âèïàäêîâà âåëè÷èíà. Íåõàé (ηn)�ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âå-ëè÷èí, ÿêi íàáóâàþòü çíà÷åíü 0, 1, . . . , s − 1 ç éìîâiðíîñòÿìè p′0n, p′1n, . . . , p′[s−1]nâiäïîâiäíî (p′0n + p′1n + . . . + p′[s−1]n = 1), n = 1, 2, . . . . Âîíà âèçíà÷à¹ âèïàäêîâóâåëè÷èíó

X = ∆Qs

η1η2...ηn...
,ÿêà íàçèâà¹òüñÿ âèïàäêîâîþ âåëè÷èíîþ ç íåçàëåæíèìè Qs-ñèìâîëàìè. Âiäîìî [5℄,ùî âèïàäêîâà âåëè÷èíà X ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï ðîçïîäiëó, à ñàìå:1) äèñêðåòíèé òîäi i òiëüêè òîäi, êîëè

M =
∞∏

k=1

max{p0k, p1k, . . . , p[s−1]n} > 0;2) àáñîëþòíî íåïåðåðâíèé òîäi i òiëüêè òîäi, êîëè
L =

∞∑

k=1

1∑

i=0

(

1− pik
qi

)2

<∞;



�ÎÇÏÎÄIË ÇÍÀ×ÅÍÜ ÎÄÍI�� ÔÓÍÊÖI� 813) ñèíãóëÿðíèé òîäi i òiëüêè òîäi, êîëè M = 0, à L = ∞.Îá'¹êòîì íàøîãî äîñëiäæåííÿ ¹ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè Y = f(X). Ìè öiêà-âèìîñÿ éîãî ëåáåãiâñüêîþ ñòðóêòóðîþ (âìiñòîì äèñêðåòíî¨, àáñîëþòíî íåïåðåðâíî¨ òàñèíãóëÿðíî¨ êîìïîíåíò), òîïîëîãî-ìåòðè÷íèìè i �ðàêòàëüíèìè âëàñòèâîñòÿìè ñïå-êòðà (ìiíiìàëüíîãî çàìêíåíîãî íîñiÿ) òîùî.3. Êîðåêòíiñòü îçíà÷åííÿ îá'¹êòà äîñëiäæåííÿËåìà 1. Çíà÷åííÿ Y �óíêöi¨ f âiä àðãóìåíòà X ¹ âèïàäêîâîþ âåëè÷èíîþ
∆G2

τ1τ2...τn...
,öè�ðè τn G2-çîáðàæåííÿ ÿêî¨ ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè, ùî ìàþòüðîçïîäiëè

P{τn = i} =
∑

j∈Ai

p′jn = pin, i ∈ {0, 1}. (5)Äîâåäåííÿ. Äëÿ îáãðóíòóâàííÿ êîðåêòíîñòi âèïàäêîâî¨ âåëè÷èíè Y äîñèòü çàóâàæè-òè, ùî îáðàçîì öèëiíäðà
∆Qs

a1a2...am
= {x : αi(x) = ai, i = 1, m}

Qs�çîáðàæåííÿ ïðè âiäîáðàæåííi f ¹ öèëiíäð
∆G2

c1c2...cm
= {x : x = ∆G2

c1c2...cmam+1...am+k ...
}

G2�çîáðàæåííÿ, äå
ci =







0, ÿêùî αi ∈ A0,

1, ÿêùî αi ∈ A1, i = 1, m;à ïðîîáðàçîì G2�öèëiíäðà ∆G2
c1...cm

¹, âçàãàëi êàæó÷è, îá'¹äíàííÿ Qs�öèëiíäðiâ:
⋃

α1∈Ac1

. . .
⋃

αm∈Acm

∆Qs

α1α2...αm
.Òîäi ç íåçàëåæíîñòi öè�ð Q2�çîáðàæåííÿ âèïàäêîâî¨ âåëè÷èíè X âèïëèâà¹ íåçàëå-æíiñòü öè�ð G2�çîáðàæåííÿ âèïàäêîâî¨ âåëè÷èíè Y i ðiâíîñòi (15). �Çàóâàæåííÿ 2. Âèïàäêîâà âåëè÷èíà Y íàëåæèòü äî òîãî æ êëàñó âèïàäêîâèõâåëè÷èí, ùî é X, àëå äëÿ íå¨ s = 2, Q2 = G2 = {g0; g1}.Òåîðåìà 1. Âèïàäêîâà âåëè÷èíà Y ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï ðîçïîäiëó, ïðè-÷îìó 1) äèñêðåòíèé òîäi i òiëüêè òîäi, êîëè

M =
∞∏

k=1

max{p0k, p1k} > 0,äå p1k =
∑

j:j∈A′
k

pjk, p0k = 1− p1k;
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L =

∞∑

k=1

1∑

i=0

(

1− pik
gi

)2

<∞;3) ñèíãóëÿðíèé òîäi i òiëüêè òîäi, êîëè M = 0, à L = ∞.Òåîðåìà 1. Ôóíêöiÿ ðîçïîäiëó FY âèïàäêîâî¨ âåëè÷èíè Y ìà¹ íàñòóïíå ïðåäñòàâ-ëåííÿ
FY (x) = δa1(x)1 +

∞∑

k=2

[

δak(x)k

k−1∏

j=1

paj(x)j

]

, (6)äå ai(x) ∈ {0; 1}, δ0n = 0, δ1n = p0n.Äâi îñòàííi òåîðåìè âèïëèâàþòü ç çàóâàæåííÿ 2 i âiäîìî¨ ç ðîáîòè [6℄ òåîðåìèïðî ñòðóêòóðè ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè öè�ðàìè ñâîãî Q2-çîáðàæåííÿ ËIÒÅ�ÀÒÓ�À(1) Zam�res
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tal properties of fun
tions de�ned in terms of
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